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This paper analyzes vector autoregressive models (VAR) with multiple struc-
tural changes. One distinct feature of this paper is the explicit consideration of
structural changes in the variance-covariance matrix, in addition to changes in
the autoregressive coefficients. The model is estimated by the quasi-maximum
likelihood method. It is shown that shifts in the covariance matrix help identify
the change points. We obtain consistency, rate of convergence, and limiting
distributions for the estimated change points and the estimated regression
coefficients and variance-covariance matrix. We also show that the number
of change points can be consistently estimated via the information criterion
approach. The paper provides tools for constructing confidence intervals for
change points in multiple time series. The result is also useful for analyzing
volatility changes in economic time series.  © 2000 Peking University Press
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1. INTRODUCTION

The concept of a structural change (change in policy regimes, change
in underlying structural relations in the economy, or change in particular
reduced-form relationships) has widespread use in economics. The shifts
of the Phillips curve over time serve as one illustration [Alogoskoufis and
Smith (1991)]. As a result, structural changes have always been an impor-
tant concern in econometric modeling. Earlier studies on this topic include
Chow (1960) and Quandt (1960). More recent studies include, among oth-
ers, Andrews (1993), Bai and Perron (1998), and Stock (1994).
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Correctly detecting and identifying a structural change can have pro-
found effect on policy evaluation and recommendation. In their examina-
tion of the feasibility of using a monetary aggregate to influence the path
of GDP, Feldstein and Stock (1993) found, using the structural-change
techniques, that the relationship between M1 and GDP is highly unstable,
while the relationship between M2 and GDP is relatively stable, suggest-
ing the possibility of an active rule for modifying M2 growth to reduce
the volatility of nominal GDP growth. When studying temporal varia-
tion in the interest-rate response to money-announcement surprises, Roley
and Wheatley (1990), by estimating the shift points, were able to deter-
mine whether the response was immediate (as different policy regimes were
adopted), or the response was gradual (reflecting the establishment of Fed-
eral Reserve credibility).

The purpose of this paper is to study the problem of structural changes
in vector autoregressive models (VAR) with unknown change points. Struc-
tural changes are permitted in variance-covariance matrices as well as in
regression coefficients. Our analysis focuses on the statistical properties of
estimated parameters. In particular, we analyze the asymptotic behavior
of break-point estimators. Consistency, rate of convergence, and limiting
distributions of the estimated parameters and the estimated break points
are established.

Structural change in VAR is an important problem for at least two rea-
sons. The first is related to VAR’s popularity as a modeling tool in macroe-
conomics. The second has to do with the finding of Bai, Lumsdaine, and
Stock (1998). These authors show that the accuracy of the break-point
estimators cannot be improved upon by acquiring longer data, but can be
significantly improved upon by adding series that have common breaks.
That is, analyzing multiple equations with common break points can yield
more precise estimates of the change points. As a result, the structural
change problem in VAR is of theoretical and practical importance. The
results derived in this paper are, of course, also applicable for univariate
time series. They are also applicable for cross-section regression models as
well as for seemingly unrelated regressions.

This paper is closely related to Bai, Lumsdaine, and Stock (1998). How-
ever, the latter paper considers a single change point instead of multiple
ones. Because a myriad of political and economic factors may alter the
data generating process, multiple changes may be a more accurate charac-
terization of economic time series. In addition, Bai, Lumsdaine, and Stock
(1998) only consider changes in regression coefficients. In this paper, we
allow for changes in variance-covariance matrices. The results of this paper
can be useful in modeling changes in volatilities of economic time series.
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2. MODEL AND ESTIMATION

This paper analyzes the following vector autoregressive (VAR) model
with m regimes:

i+ ALY 1+ ALY o+ o+ A pYip + (2(1’)1/2m
(t = 17 AR k?)
pr+ Az Y1+ AsaYioz 4o+ AnpYiop + (29)Y 2

Y, (t=k)+1,...,k3)

Pmt1 + Amt1,1Ye—1 + Amy12Ye2 4+ -+ Apy1,pYe—p + (29n+1)1/277t
t=k +1,..,7)

(1)

where Y; and n; are rx 1, A; ; is rxr. The disturbances 7; are unobservable
random variables with En; = 0 and Var(n:) = I, an identity matrix. The
coefficients A; ;, variance-covariance matrices £7, and the change points &
are all unknown.

We assume at least one coefficient either in the autoregressive part or in
the variance-covariance matrix has undergone a shift. That is, we assume
either (pi, A1, .y Aip) # (it1, Aig1,1 s Aiv1,p), or B9 # X1, or both
(¢ =1,...,m+1). Thus the variance-covariance matrix is allowed to be
different across regimes.

Although the literature on change point is large, most studies focus on
a single shift in univariate series, see Picard (1985), where variance is not
allowed to change. Ng and Vogelsang (1997) study structural changes in
VAR models with shifts in the intercept only. In this paper, we consider
multiple change points in multiple series.

The analysis of multiple changes is much more demanding than that of
a single change. When studying a single change (two regimes), the regime
boundaries are partially known. For example, the lower boundary for the
first regime is known (the first observation) and the upper boundary for
the second regime is also known (the last observation). In the case of
multiple changes, however, a hypothesized regime may not overlap with
the underlying true regime. This constitutes the source of difficulty and
complexity associated with multiple breaks. Nevertheless, based on the
earlier work of Bai and Perron (1998) and Bai, Lumsdaine and Stock (1998),
we can tackle the problem in an elegant way.
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Let Vvtl = (lath,—la '-'7Y'tl

_p) and 609 = Vec(ui, Ain, ..., Aip). Then we can
rewrite (1) as

Yi= (V@D + ()20, t=kl+1,.,k (2)

for i =1,2,...,m with k) = 0 and kgﬁ_l =T.

Let 8 = (01,...,0m41) and T' = (Xq,...,8m41). The true regression
coefficients are denoted by 8° = (67, ...,00, ;) and T° = (£9,..., %29 ;). We
shall consider quasi-Gaussian likelihood estimation based on observations
Y pi1, Y pio, o Yo, Y, .0, Y.

Quasi-likelihood and likelihood ratio.

Define the quasi-likelihood for the whole sample Y7, Y3, ..., Y7 conditional

onY_pi1,...,Yp as

m—+1 k;
I II r@lYes,..Yi,;6,%)
i=1 t=k;_1+1

where

f(}/t‘}/t—la "'7}/}—p; eia E’L) =

1 1
. epl{ I —Wenes Y- (Vo1 oi}
ordemyt P { g - (W@ DEIETY - (V 18
The parameters (3,1, k1, ..., k,,) are estimated by maximizing the quasi-

likelihood function. Bai and Perron (1998, 1999) show that the optimiza-
tion can be done with no more than O(T'?) maximum likelihood estimations
no matter how large the number of change points m is.

The theoretical analysis is performed using likelihood ratios defined be-
low. Let (1, ...,e7) = (9)/2n1, ..., (£%,1)*/?nr) denote the disturbances
of model (1). Define the quasi-likelihood ratio for the entire sample as

m-+1 ki
MR AV Yot Yiep 0, 5
(ks oo b, B.T) = 2251 [lih 1 F(VYi, . Yy )

RS s B ) :
Hi:l Ht:k?_1+1 -f(}/tD/t—l?""}/t—P’e?’E?)

I T FOVlYets o Yy 604, 80)
[Tt £(=0)
where f(g;) is the density of N(0,%9) for t € [kY_; + 1,k)] (i = 1,...,m).

Note that no normality is assumed, although the density of multivariate
normal is used.
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Estimation. For a given set of integers (k1, ..., k., ), we let

AT(kh akm) = sup AT(kh ey km)ﬂyr)

BT
The change-point estimator is defined as the set of integers (l%l,...,l;m)
which maximize the quasi-likelihood function. Namely,
(ky, o ki) = argmaxy, | Ap(ky, ..., km). (3)
We also define
B=(0y,....0m+1), and I'=(S1,...,Sme1) (4)

where (él, f]l) is the estimator of (67, £?9) using the subsample [l%, +1, IAci_H].
Thus, (B, D, ky, . lAcm) is the quasi-Maximum likelihood estimator of
(B°,T° kY, ... kD).

For technical reasons, the supremum with respect to (k1,ka, ..., km) in

(3) is taken over a restricted set of partitions. For a small number v > 0,
define, for m > 2,

K, = {(kl, ,km) tky — k1 > TI/, ,km — ko1 > TI/, 1<k < T} (5)

The maximization of (3) is taken over K. Note that we still allow arbitrary
first and last regimes. In particular, when we only have a single break
point, the search is taken over the entire set [1,7]. When two breaks are
allowed, the search is taken over all pairs of (k1,k2) such that k; and ko
are vT apart. Typically, vT is specified as a small integer in practice.
The restricted search greatly lessens the technical difficulty in theoretical
proofs. Since v > 0 can be arbitrarily small, the hypothesized change
points, k1, ..., km, are permitted to take on values within a single true regime
such that £ < k) < -+ <k, < k?_H.

3. ASSUMPTIONS AND ESTIMATION THEORY

Assumption Al. The {n;,F;} form a sequence of martingale differ-
ences, where F; = o-field {Y;,Yi_1,....}. That is, E(n/Fi—1) = 0. In
addition, E(nenf)Fi—1) = I, and sup, (|| *+5) < oo,

Assumption A2. (69,%?) # (0?,,,%9,,). That is, there exists an entry
in (0?,%9) that is different from the corresponding entry in (6, ,,%9,,).
Each true regime parameter (69,%?) corresponds to that of a stationary
process so that unit roots and explosive roots are ruled out.

Assumption A3. kY = [T70] (i=1,...,m)with0 <70 <79 <---7,

0
m <
1.
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Under A3, the number of observations in a single regime increases as the
sample size increases. This is not the way that data are generated. This
assumption allows for asymptotic theoretical analysis. Since in practice, T'
is finite, the assumption is always satisfied. The problem is whether the
asymptotic distributions derived from such an assumption can approximate
the finite-sample distributions well. Various simulation studies have shown
that the asymptotic distribution delivers a satisfactory approximation. In
fact, the precision of change-point estimators is not so much determined
by the sample size but rather by the magnitude of shift. The idea is that
sample size is not crucial for the behavior of change-point estimators.

Now we define the estimated fractions as 7; = l;Z/T

THEOREM 1. Under A1-A8, we have

In terms of the fractions of the sample size, the estimated break points
converge rapidly to the true fraction. In terms of the real time index, the
result is that k; = k? + O,(1). Thus with large probability, the estimated
break point deviates from the true one by a finite number of observations
no matter how large the sample is.

COROLLARY 1. Under the assumptions of Theorem 1, the limiting dis-
tributions of 3 and I' are the same as those of known k?,...., k0 .

In the following, we characterize the limit distribution of the estimated
break points. We introduce a random process defined on the set of integers.
Let

i r
W) = L (log|£] ~ log |52, |) (6)
1 k?—l—r
3 e (E) T - ) e
k941
k?-‘,—'r k?—l—r

1
—A6 Y (Vo D(S) te— S A0 Y (VY © (59)71)A6
k9 +1 kQ+1



VECTOR AUTOREGRESSIVE MODELS 309

(r=1,2,...), where Af; = 9?+1 — 69, Let

k0
i T 1 « _ _
Wi () = —2(1og Sl —log =) = 5 D &b (S = (=) e (7)
k?-‘,—'r
L9 L9
/ : 0 -1 1 / - ! 0 -1
+A0, kZ:‘ (Ve ® 1)(S01) e — A0 ;E: (ViV} @ (2941) 1) A0;

(r=-1,-2,...). Finally, let

. Wl(i)(r) r=1,2,..,
wOEy =<0 r=0
W2(1)(7‘) r=-1,-2,..

The process W(i)(r) only depends on the true parameters of the model.
The following theorem characterizes the limiting distribution under fixed
magnitude of shift.

THEOREM 2. Assume that AI-A8 hold and that n; has a continuous
distribution for all t, then

ki — k9 N argmax, W () (r)

Three comments are in order.

1. When there is only a shift in the variance-covariance matrix, the third
and forth terms of (6) and (7) vanish, the limiting distribution is determined
by the first two terms. When there is only a shift in the autoregressive
parameters, the first two terms disappear, yielding similar results as in Bai
(1997) and Bai and Perron (1998).

2. The limiting distribution depends on the distribution of &;, thus not
asymptotically distribution free.

3. It is difficult to derive an analytical solution for the density function of
the change-point estimator because it depends on the distribution of 4, in
view of the second comment. One approach to overcome this difficulty is to
consider shrinking shifts. That is, the magnitude of shifts converges to zero
as the sample size increases to infinity. Under shrinking shifts, the limiting
distribution of the estimated break points has a limiting distribution free
from nuisance parameters. In addition, the analytical density function
can be derived so that feasible confidence intervals can be constructed.
Simulations show that the confidence intervals obtained this way are also
applicable for large shifts.
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Assumption A4. (shrmkmg shifts) The magnitude of shift satisfies (67, , ;—
O?T) = vrd; and (29 i1,T Z?,T) = vp®;, where (§;, ;) # 0, not depending
on T. Moreover, v is a sequence of positive numbers such that

vr =0, VTur/(logT)? = co. (8)

Finally, X9, — %, for every i.

Even though the magnitude of shift in variance is shrinking, we do not
assume variances themselves become small. Otherwise this amounts to
strong assumptions in terms of “information-noise ratio.” For example, If
we assume the variance is such that E?’T = vrX, then E?’T — 0 because
vy — 0. This makes the problem less interesting because, in the limit, there
is no noise in the system. In addition, if 89 i = vrt, then the result w1ll be
identical to a fixed magnitude of shift because the “information-noise ratio”
122 20 /1162 211 = [IZ]1/116]] is a constant. We thus assume that the variance
of each regime converges to a common positive definite matrix, while the
magnitude of shift (the difference of two consecutive regimes) in variance
converges to zero. In this way, less information is assumed, making it a
nontrivial task to identify break points. This is due to the fact that the
smaller the magnitude of shift, the more difficult it will be to identify the
breaks.

Under shrinking shifts we have

THEOREM 3. Under A1-A4, we have

Top (% —77') = Op(1),

\/T(/QT - ﬁ%) = Op(l)a

VI(P'r ~T%) = 0,(1).

The convergence rate for the estimated break points is slower under
shrinking magnitude of shift, but the rate for the estimated regression
parameters and the variance-covariance matrices is the same.

We note that there is no need to estimate vr. It is only used for theoret-
ical purposes. The final result will be expressed in terms of the estimated
parameters of GOT and X! T (i =1,..,m +1). For notational simplicity,
the subscript T attached to the parameters will be suppressed.

COROLLARY 2. Under the assumptions of Theorem 2, the limiting dis-

tribution ofﬁ and T' are the same as those of known k9, ..., k9 .
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To derive the limiting distribution for the estimated break points, we
need additional assumptions. Assume the following functional central limit
theorem holds (note that E(mn;) = I)

K +[voz®]

v Z (nemy — 1) = &1(v) 9)

E)+1

where the weak convergence is in the space DJ0, M]q2 for each fixed M >
0.! Each entry of the matrix £;(v) is a (nonstandard) Brownian motion
process defined on [0,00). We note that the partial sum involves O(vy.?)
observations, thus the normalizing factor is vy. Similarly, assume
K2
T Z (meny — I) = &2(—v) (10)

k?+[vv;2]

for v < 0. Let £(v) = & (v) for v > 0 and &(v) = & (—v) for v < 0, and
£(0) = 0, then each entry of £(v) is a two-sided (nonstandard) Brownian
motion on the real line. Let

kY +AKY

.1 _
pllmm E ViV ® (2™ = Q. (11)
bk

where Ak) = k?_H — kY, the length of regime 7 + 1. Under the setup of
shrinking shift, the limiting matrix ) does not depend on i. We assume
the following functional central limit theorem:

kj +[vvg?]

vr Z Vi@ (39) Y2 = QY*Gi(v), v>0 (12)
kO 41

where (;(v) is vector of independent and standard Brownian motion pro-
cesses. For v < 0, let the limit be denoted by Q1/2§2(—v). Define a vector
of standard Brownian motion processes on the real line by {(v) = (1 (v) for

v > 0 and ((v) = (2(—v).

IThis is equivalent to the weak convergence in the space of D[O,oo)q2 under the
topology of compacta, see Pollard (1984).
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Let (¢€®,¢(®)) be independent copies of the stochastic processes (£,¢),
and define

AD(w) = ~[ola (A7) + 27 (A0 (0)) + 8@/ (0) — S ol51Q0:
(13)

where A; = 281/2¢i251/2, and ¢;, ®; and Xy are defined in Assumption
A4. We have

THEOREM 4. Under assumptions A1-A4 and (9)-(12), we have for each
i, on compact set of v € [—M, M],

~ - 0 o ~
AT(k‘l,...A, szl,Ak‘i + [’U’UT ]7kl+1:"'7km) N A(l)(’l))
AT(kla"'7ki—17k?7ki+17""km)

log

THEOREM 5. Under the assumptions of Theorem 4,

02 (k; — kD) 4, argmax, A (v).

Throughout, we shall omit the superscript attached to ¢ and (, in case
of no confusion. Typically, {(v) and ((v) are dependent. If we assume
E(nuneemen) = 0 for all k, ¢, h, and for every ¢, then £(v) and ((v) will
be independent. This is the case under normality assumption for n;. For
simplicity, we consider several useful results under the assumption of inde-
pendence of £ and (.

COROLLARY 3. Under assumptions of Theorem 4 and E(Nunwnm) = 0,
we have

(rltr(Ag) n 5;@@)2

- d
4=1vec(A;)'Qvec(A;) + 6:Q0; vr(k — k) — argmax, {U(v) - [v|/2}

where Q = var(£(1)) and € = vec(§), A; and Q are defined earlier, and

U(v) is a two-sided standard Brownian motion process on the real line.

Remark 8.1. The term vec(A;)'Qvec(A;) represents the variance of
tr(A;£(1)). Because both A; and £ are symmetric matrices, tr(A4;£(1)) =



VECTOR AUTOREGRESSIVE MODELS 313

vec(A;) vec(£(1)). It follows that the variance of tr(A;£(1)) is given by
vec(A;) Qvec(A4;). Note that Q is a singular matrix due to the symmetry
of £(1) (vec(€) has many repeated variables). Alternatively, tr(A4;£(1)) =
> on annénn + 225 op aniéne, where apy is the (h, £)th entry of A; and &gy is
the (h,£)th entry of £(1). The variance of the trace can be easily derived
in terms of the covariance matrix of the non-redundant elements of £(1).
But the final result is identical.

Let
V* = argmax, {U(v) — |v|/2}

This random variable has a known analytical density function, see Bai
(1997) and the references therein.

In order to use Corollary 3 to construct confidence intervals for kY, the
unknown scaling factor of (l;'z — k9) in Corollary 3 must be estimated. Let

33; and 6; be the estimators given in (4). Let B; = 2_1/2(214_1 — 21-)21-_1/2.
Then B is an estimator of A;vr. Similarly, (91_,_1 -y ;) is an estimator of

5.L’UT.

COROLLARY 4. Assume the conditions of Corollary 3. Let Q) be a con-
sistent estimator for Q and Q be a consistent estimator for Q. Then

(2760(B2) + (s — Y Qi1 — 00)

R — _ I N S
471VGC(B7;)IQV€C(B7;) + (0i+1 — oi)/Q(0i+1 — 91)

If the n;’s are iid, then  is equal to the covariance matrix of vec(n;n;—1I).
Thus we can estimate Q by = 7! Zle vec(mn,—1I)- vec(mn,—1I)", where
7 is the estimated residual. There are a number of ways to estimating the
matrix . The first approach is regime-length weighted estimation. It is
given by

L k9 +AKY
=72 >, Ve
=0 k941

(cf. (11)). The second approach is equal-weighted estimation. Let 3=
(m+1)"1>" 3; and define

T
A1
Q=7 (MWVes™

t=1
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The third approach is regime-specific estimation, defined by

kit1
. 1 .
Q=—7 > (W eEin)™)
kiv1 — ki P

Bai and Perron (1999) discuss the pros and cons of various estimation
procedures.

For a univariate autoregressive process, the estimation can be simplified.
Let

k.
1 - -
6’2 = Y - VIGZ 2,
2 ki _ ki71 X E : ( t t )
ki 1+1

1 T
H = 2> ViV,
t=1
o= (Ye=V/0)s;",  for t€ ki, kil

i=1,....,m+ 1. Then

B; = (62, —67)/6,
Q = H/5?

1 T
O = — 2 —1)2

where §%2 = T~1 Z:;O(]::i_’_l — I;:Z-)&f_i_l. We note that B; and § are scalars.

COROLLARY 5. For univariate series, if there is no change in the regres-
ston parameters but only changes in vartance, then

{(fﬁl —67)°

4
o;Q

}(i@-—k;’) LA veS

If there is no change in the variance but only changes in regression param-
eters, then

Oip1 — 0;)H(b;q —6,) | -
[( +1 — 0;)' H (041 )](ki—k?)—d>v*,

6—2

Under normality assumption, the results of Corollary 3 and Corollary 4
can be further simplified.
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COROLLARY 6. For VAR models with ny ~ N(0,I). Then
[2’1tr(A?) + 5;@51} v (k; — k) —L v

and

27160 (B2) + (Bir — 0/ QBiga — 1)) (ki — kD) 5 V™.

COROLLARY 7. For univariate time series and ny ~ N(0,1), we have

~

1 52 . —62\2 él 797; /H él —0; ~
[_(01+1 ‘Tz) L i )A2( +1 )](ki—k?)ﬁv*
g;

-2
2 o;

The 62 can be replaced by 62 without affecting the limiting distribution.
Confidence intervals for change points. We can use Corollary 4 to
construct confidence intervals. Denote by a the scaling factor of (l::z —k?) in
Corollary 4 (i.e., the expression inside the bracket). Then the 100(1 — @)%
confidence interval can be constructed as

i — h— 1,k; + b+ 1]

where h = [c¢/a] represents the integer part of ¢/a. The constant ¢ can be
found from the distribution of V*. For example, for o = 0.05,¢c = 7.0, see
Bai (1997).

4. DETERMINING THE NUMBER OF BREAKS

The number of break points can be determined by the BIC criterion, as
in Yao (1988), who first studies the problem for mean shifts in an otherwise
iid setting under normality assumption. His analysis is designed for fixed
shift only. Here we show how this criterion can be applied to both fixed and
shrinking shifts. The penalty term in the criterion function can be quite
flexible but still permits consistent estimation of the number of breaks. The
reason is that overestimating the number of breaks can only increase the
log likelihood by a magnitude of O,(logT'), whereas under estimating the
number of breaks will decrease the log-likelihood by a magnitude of O(T)
for fixed shifts (by a magnitude of O(Tw2.) for shrinking shifts). Thus any
penalty that is in between log 7" and O(Tv2) will yield consistent estimates.
Let L(/Acl, ey I;m) denote the optimal likelihood function when m breaks are
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allowed. That is,

m+1 ki

L(ky,....k,,) = max max H H YilYiii, ... Ye 0 0;,%;
( 1, ) m) Kevv o 05,5511 <m+1 4 f( t| t—1, s Lt—py Ui,y 7,)
=1 t=k;_1+1

The information criterion is defined as
BIC(m) = —log L(ky, ..., k) + m g(T)

Suppose that m® < M for a specified integer M. Let 7i be chosen such that
the BIC criterion is minimized over m < M. That is, 7n = argmin,,, <, BIC(m).

THEOREM 6. Assume A1-A4 hold. Furthermore, assume vp = 1 or
vr — 0 but satisfying (8). Let g(T') be a sequence of positive numbers such
that g(T)/(Tv2) — 0 but g(T)/log T — oo. Then 1 — mq.

The information criterion approach requires to estimate more than one
change point even though only one or no change point is present for the
underlying model. However, at most O(T?) quasi-maximum likelihood
estimations are needed no matter how many changes are entertained. This
is because there are at most O(T?) distinct segments. Once the likelihood
value for each segment is computed, dynamic programming approach can
be used to efficiently select the optimal change points. Bai and Perron
(1998) give a detailed discussion on this point.

5. CONCLUSION

In this paper, we studied the problem of multiple structural changes
in VAR models occurring at unknown times. We considered shifts in the
variance-covariance matrices in addition to shifts in the regression coeffi-
cients. Various theoretical properties of the estimators were obtained. We
gave a unified analysis for fixed and shrinking magnitude of shifts.

This paper provides a systematic treatment of multiple structural changes.
We derive a number of results that are stated in a series of lemmas. The
methodology and central idea are applicable for different estimation meth-
ods such as GMM and robust estimations. They are also applicable for
different models, such as nonlinear models with structural changes. All
that is needed is to derive the counterparts of these lemmas under the new
setting, be it either a new estimation method, or a new model. If these
lemmas can be proved, then the rate of convergence follows automatically.
This is true because our proof of rate of convergence does not make any
reference to VAR. The limiting distribution of the estimators varies with
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estimation methods and with the underlying model. However, limiting dis-
tribution is much easier to obtain than rate of convergence in the context
of structural change. The former is a local property of the objective func-
tion (likelihood function in the present paper) and the latter is a global
property, which is much more difficult to analyze. We hope the method-
ology developed in this paper will lead to progress in analyzing structural
changes for different models and different estimation methods.

APPENDIX A
Preliminary Results

To prove the main results, we first establish a series of properties of
sequential quasi-likelihood ratios and sequential estimators to be defined
below in the absence of structural change. We then show that the main
results can be derived from these properties. To begin with, let

}/;5:/*‘+A1th71+"'+At7vatfp+€t

Vi=(V/ @)+ e

where ¢; = Eé/Qnt, Var(n) =1, V{ = (1,Y,_,,....,Y{_,), 6o = Vec(u, Ay,
...,Ap) and the e; are martingale differences with variance ¥y. This model
is otherwise identical to model (1), but no change point is allowed here.

Let (69, X0) denote the true parameter. Consider the centered-likelihood
ratio based on the first k observations,

YilYi1,--- 300+ T 26,5+ T73Y)
ITiy f(YelYior,- - 560, %0)

Lo+ T~ 23|~/ exp { — 32 e(0) (B0 + T*1/2E)715t(9)}
B IS H/2 exp{—1 S5 15 1ey) '

where ,(0) = Y; — (V/ @I)(60+T20) = e, —T/2(V/®I)H. The first two
arguments (0, k) in £(-) emphasizes the likelihood ratio is for observations
t € (0,k]. Likehilood ratio for an arbitrary segment will be introduced
later. We shall call £(-) the (centered) quasi-sequential likelihood ratio.

The first five lemmas are proved in Bai, Lumsdaine and Stock (1998)
(hereafter, BLS). Denote by é(k) and i](k) the values of 8 and X that
L(0,k,6,%) achieves its maximum. Then we have

LEMMA 1. For each § € (0,1],

k
£(07k79,2) B Ht:l f(

(A1)

sup (100l + 15w 11) = 0p(1),
T>E>TS
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sup  L£(0,k;0(s), S(ry) = Op(1)
T>k>TS

This lemma says that the sequential likelihood ratios and the sequential
estimators are bounded in probability if a positive fraction of observations
are used. This result is a direct consequence of the functional central limit
theorem for martingale differences.

Proof. See Property 1 of BLS. |

The following lemma is concerned with the supremum of the likelihood
ratios over all k& and over the whole parameter space.

LEMMA 2. For each € > 0, there exists a B > 0 such that for all large T

Pr < sup T_BE(O,k;é(k),f](k)) > 1) <e€
1<k<T

This property says that the log-valued quasi-sequential likelihood ratio
has its maximum value bounded by O, (log T').

Proof. see Property 2 of BLS. |

Let St = {(6,%);]|0]] > logT or |Z|| > logT}. We assume that ¥ +
T 3% is positive definite so that the likelihood ratio is well defined.

LEMMA 3. For any § € (0,1), D > 0, € > 0, the following holds when
T is large

Pr| sup sup TPLO0,k;0,%) >1] <e
T>E>TS (9,5)EST

Proof. see Property 3 of BLS. |

The following lemma will be used in the proof of Theorem 6, the consis-
tency of BIC criterion.

LEMMA 4. Letar be a sequence of positive numbers such that ar > logT
and aT/\/T ts bounded. Then for every € > 0, there exists a ¢ > 0 such
that, for all large T,

Pr | sup sup log £(0,k;6,%) > —ca3 | <e.
k2Ts ||6]|>ar, or||Z||>ar
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Proof. This lemma is implicitly proved by BLS. Let br = ar/ VT. The
proof of Property 3 of BLS is valid for either by = o(1) or by = O(1). The
equation immediately below (A.15) together with (A.19) of BLS says that
log £(0,k;0,%) < —(T§)cb% = —cda? with large probability. This implies
the lemma. The details are omitted. |

As a corollary of this lemma we have for ar = av/T (a > 0), there exists
a ¢ > 0 such that

Pr | sup sup log £(0,k;0,%) > —cT | <e€ (A.2)
k2T5 6] 2av/T, or|2||>avVT

for all large T. For ap = av/Tvr, where vy = 1 or v — 0 but satisfying
VTvp > log T, then by Lemma 4 for any € > 0, there exists a ¢ > 0, such
that for all large T,

Pr <sup sup log £(0,k;6,%) > —ch%) <e (A.3)
k2T 16| >avTor, or||Z||>av/Tor

LEMMA 5. Let hy and dr be positive sequences such that hr is non-
decreasing, dr — +oo, and (hrd%)/T — h > 0, where h < oco. Let
St ={(0,%); ||| > dr or ||E|| > dr}. Then for any e > 0, there exists an
A >0, such that when T is large

Pr sup sup L(0,k;0,%) > €| <e.
T>k>Ahr (6,5)€Sr

Remark A.1. The existence of a limit for hpd2 /T is not necessary. It
is sufficient to have lim inf7_, thzT/T > h > 0. In addition, if Property
5 holds for h < oo, then it holds for A = oo (larger h corresponds to a
smaller set Sr). Lemma 3, for example, is a case where h = co. The
assumption that h < oo is convenient for proof and is also the actual case
in the application of this lemma.

Proof. see Property 5 of BLS. |

LEMMA 6. Assume vy =1 or vr — 0 but satisfying (8). Let T =X, —
Yo. For each given ¢ and X1 > 0 such that ||¢|| < Mvr and || Y]] < Mo,
with M < oo (an arbitrary given constant),

L£(0,k;V/Th + \NVTY +E)
sup  sup =0,(1)
1<k<VTogp! AE L£(0,k; VT, VTY)
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where the supremum with respect to A and = is taken over a compact set
such that [|A]] < M and ||Z|| < M.

This lemma will be applied in the context that ¢ represents the magni-
tude of shift in regression parameters such as 9?+1 — 69, and T represents
the magnitude of shift in covariance matrices such as T = ¢ 1= 9. This

lemma is useful in establishing |k; — k2| = 0,(VTuzt).

Proof. 'We prove that the logarithm of left hand side is O,(1). We can
write

log ‘C(Oa ka 07 E) = EI,T(Oa ka 07 E) + EZ,T(Oa ka 07 E)

where

1 1
£17T:_§klogl+\IlT§k[ Znt1+‘I’T ne — kZ"t’?t

(A4)

and
k
‘CQ,T = 720’(]@ I+\IJT )ZW@"R
t=1
- 9’( thv' I+\I/T)1> 0 (A.5)

with n; = Eal/Zst and U = T"(E_lmEE_l/Q) It suffices to show

L1.7(0,k, VT + M\ VTY +E) — L1.70(0,k; VT, VIYT) = 0,(1), (A.6)

Lo7(0,k, VTd+ M\ VTY +E) — Lor(0,k; VT, VTY) = 0,(1). (A7)

Consider (A.7). Take ¥ to be vTT +Z, we have I + ¥ = 251/2’1‘20_1/2 +

T*1/2251/QEEO‘”2 def A+ T7Y2B. And if we take ¥ to be \/TT, then
I+¥r = A. Using (A+T~Y/2B)"1 - A"t = —T-1/24-1B(A+T~'/2B)~!
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we find the left hand side of (A.7) is equal to

—1

Ly (1 ® A 1B(A+ T*I/ZB)> S (Vi@n)

~LX (I ® (A+ T*1/2B)*1> S (Vi®m)

~ k¢ (LT VIV 9 AT BA+T2B) ) (AS)

~dd (T ViV @ (A+ T2B) 1) A

_ Lk (% S ViV (A T*l/zB)*l) A
The first two and the last expressions are O, (1) uniformly in k& € [1,T] and
uniformly in bounded A and Z. The third and fourth are O,(1) uniformly in
k< \/val and in bounded A and =. For example, ||%¢|| < ||v;1¢|| <M
since ||¢|| < Mwvr. Next consider (A.6). It can be written as

t=1

k
k —1/2 1 / —1/2\—1 -1
—§<log|A+T B| _1og|A|) -2 [Znt(A+T B) 1Ay,
(A.9)
From
(A+T7 2Byt — A=t = 771247 'BA~  + O(T™Y)

the second term of (A.9 ) is, ignoring the factor 1/2,

IS~ , kol
ﬁ;%A 'BA 177t+T<E;77277t>0(1)

k
k 1
= (ABA Y 4t [A*BA*I— (nertl — 1)} +o,(1)
where the o,,(1) follows from k/T = o(1) for k < v/Tvy" and & Zle In:]|? =
Op(1). The second term on r.h.s. above is 0,(1) because ﬁ Zle(nm; -

I) = (ﬁvlT)l/z (ﬁvi—l)l/z Zf:l(ﬂ”ﬁ - I) = mop(l) = OP(I) uni-
formly in k < \/Tvqfl. Thus the second term of (A.9) is equal to

kT—/2tr(A='BA~')40,(1). Next, by Taylor expansion, log |A+T~'/2B|—
log |A| = T~ Y2tr(A'B) + O(T ). It follows that (A.9) can be written

as

7% (tr(A’lB) - tr(A*lBA’l)) +op(1)
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By the definition of A and B, A~'B — A~'BA~! = A~'B%,/?1x, /2
Thus ||%tr(A’leAleA71)|| < 'Y € vyp! Mvp = M. This proves
the lemma. |

The above lemma can be strengthened if we restrict the supremum with
respect to k to be taken over a smaller range. The right hand side O,(1)

can be replaced by o,(1) after taking logarithm. Without taking logarithm,
O,(1) is replaced by 1+ o0,(1).

LEMMA 7. Under the assumptions of the previous lemma. We have

) gL(O,k;ﬁ¢+A,ﬁT+E)
sup sup lo
1<k<Muz? ME L(1,k;VTo,VTY)

= op(1)

where the supremum with respect to A and = s taken over a compact set
such that [|A| < M and ||Z|| < M.

Proof. The proof is virtually identical to the proof of of Lemma 6. The

details are omitted. ||
LEMMA 8.

| L£(0,k; ¢4+ T2\, T +T-1/25)
sup sup og
T>k>[T38] $,T N2 L£(0,k;¢,7)

= op(1)

where the supremum with respect to ¢, T, )\, = are taken over an arbitrary
bounded set.

Proof. The proof is the same as that of Lemma 6 with the following
changes. Replace each of ¢, T, )\, and Z by itself multiplied by 7-/2. The

rest of argument is similar (note that the range of k is enlarged to 7. |

LeMMA 9. Let Ty = [Ta] for some a € (0,1], and let To = [VTvg'],
where vy =1 or vr — 0 but satisfying (8). Consider

Vi= Vi@ D + (THY 2,  t=1,2,..,Th

A.10
Vi=Vi®@ D)3+ (YDY2n,  t=T1+1,..Ti +Tp ( )

where ||¢9 — ¢3]| < Muvg and || X9 — Y9|| < Mur for some M < oco. Let
n =Ty +T5 be the size of the pooled sample. Let (¢, Y,) be the estimator
based on the pooled sample (treated as a single regime). Then

(gn - ¢? = OP(Til/Q)v
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T, - 19 =0,(T7'?).

Proof.  This lemma says that when pooled data from two regimes
are used, the estimated parameters are close to those of the “dominating
regime.” This is of course obvious. But this lemma quantities the intuition
in terms of the rate of convergence. The proof is trivial and thus is omit-

ted. |

LEMMA 10. Assume the same setup as in Lemma 9, but with Ty =
[Mv3?]. Then

Sn — @7 = O,(T /%),
T, - Y9 =0,(T"?),
b — b1 = Op(T_l), and

T, —Ti=0,(T7Y).

where (¢, T1) is the estimator of (¢9, T9) based on the first Ty observations
only.

For vy = 1, T is finite. In this case, the results of this lemma are easy to
prove. This is because only a finite number of observations do not belong
to the “dominating regime.” When v converges to zero, T converges to
infinity. In this case, the second regime (i.e., the non-dominating regime)
contains an increasing number of observations. However, the lemma is still
true and the proof is still easy. The idea is to use the fact the magnitude of
shift itself is also decreasing as T increases. This idea can be found in Bai
(1994, 1997), where it is proved that the estimated regression coefficients
have the same rate of convergence as if the change points are known (even
though the estimated change point can be Mv2 away from the true ones).
The details will be omitted.

Proofs of Theorems 1-5

We introduce here additional notation to simplify some expressions.
Likelihood ratio of a segment. Denote by D(k,¢;6,%) the likelihood
ratio of the segment (k,£] (for observations from k + 1 to £, treated as a
single regime). That is,

L
_ Yi|Yi 1,..,Yi ;0,2
D(k,é;@,E) _ Ht_k+1 f( z| t—1 t—p )
Ht:k+1 f(st)
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and its optimized value

D(k,t) =sup D(k,¢;0,%). (A.11)
0,5

The likelihood ratio for the entire sample can be written as
Ar(ki,...;km) = D(0,ky) - D(k1,k2) - D(kpm,T) (A.12)

Centered Likelihood Ratio of a Segment. Suppose that (67, %Y) is
the true parameter for the segment (k, /] (i.e., (k,£] C (k?_,,k%]), we define
the centered likelihood ratio as

L(k,6;0,%) = D(k, ;6 + T~ 26,5 + T~3%). (A.13)

The centered likelihood ratio is only defined for segments that do not con-
tain breaks. However, we can always express the likelihood ratio of a seg-
ment in terms of the centered ones even though the segment overlaps with
more than one true regime. For example, suppose a segment (k, £] overlaps
with two regimes such that the segment contains portion of regime i and
portion of regime i + 1 such that kY € [k + 1,£ — 1], then

D(k,6;¢,7) = L(k,k); VT (¢ — 67), VT (T - X9))
) L(k?,é; \/T(d) - 9?+1)v \/T(T - E?+1))~

The optimal values of centered and non-centered likelihood are the same.
That is,

sup L(k, 4;6,%) = D(k, 0). (A.14)
6,2

This fact will be useful.
We next give a unified proof for fixed and shrinking shifts.

PROPOSITION 1. Assume A1-Aj. For vy =1 or for vy — 0 but satisfy-
ing (8), we have for every e > 0,

P(|kj — k9 > VTvp') <e  (j=1,..,m).

Proof. Let N = [VTvy']. Let Aj = {(ki,...km) € K,;|ki — k?\ >
N, i = 1,...,m} where K, is given in (5). Because AT(lAcl,...,I;:m) >
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Ap(KO, .. k0) > Ap(kY, ..., kY, B9, T9) = 1, to show (ki,...,km) & Aj, it

suffices to show

P( sup Ar(ky, . k) > e) <e. (A.15)
(K1yerkm )EA;

We now extend the definition of At to every subset {1, ..., ¢,.} of {1,2,...,T—
1} such that Ar(4y,...,4.) = AT(E(l),...,f(T)) where 0 < f(l) < - < E(T)
are the ordered version of ¢y, ...,¢,. For every (ki,...,kmn) € 4;,

Ag(ky, oo km) < Ap(ky, oy ko, kS, K4, K) — NUES + NOES k).
(A.16)

The right hand side above can be written as the product of at most (2m—+2)
terms expressible as D({, k), see (A.12). There are at most (2m + 2) terms
because k; may coincide with k{ for some i and £. One of these (2m + 2)
terms is D(k) — N,k + N) and all the rest can be written as D((,k)
with (¢, k] C [k 4+ 1,k?,,] for some i. By Lemmas 1 and 2, log D({, k) =
O, (log T) uniformly in ¢, k such that k) +1 < £ < k < k?_H with |[€ — k| >
Tv. That is, D(k,£) = O,(TB) for some B > 0. Thus

Ar(ky, oo km) < Op(TE™TIB) . D(E) — N, k) + N). (A.17)
We next show D(k? —N, k?—i—N ) is small. Introduce the reparameterization,
L*(k,6;0,%) = D(k,l;600 + (£ — k)~1/20,%0 + (£ — k)~/?%)

assuming that (g, Xg) is the true parameter of the segment (k, £]. (Note the
difference between £* and £; the latter uses T7~'/2 rather than (£— k)_1/2
in the reparameterization). We note that

R

D(K? = N,k? + N) = sup [D(k? ~ N,k%0,%) - D(k

s g
6,5

0 k0 4 N;a,z)]
= sgug [E* (k;) — N, k;-); VN9 - 9?): VN(Z - E?))A.lS)

x £ (KD, KD + N3 VN - 6011), VN(2 = 3040))]

The above follows from the definition of £* and the fact that (9;), E?) is
the true parameter for the segment [k — N, k9] and (67, ,,%9,,) is the true
parameter for the segment [ 4 1, k7 + N]. From max{||z — z|,[ly — 2|} >
||z — y||/2 for all (z,y, z), we have for all § and X,

max{VN |6 — [, VN6 — 67,111} = VN6] — 67,.]/2
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max{VN||Z — S|, VN[ = £, |1} = VN|E] - 25,4 1/2.

By A4, we either have \/NHO? — 9?_,_1”/2 > log N or \/JVHE? — E?+1||/2 >
log N. This follows from if [|67 — 69, ]| > vpC for some C > 0, then
N1/2||9? —-09,,11/2 = (VT ?0rC = C(VTor)'/? > logT > log N.
Now suppose that \/NHG? —69,,111/2 > log N (the case for which \/NHE]O -
%9,111/2 > log N is the same). Then we have either (i) \/NHO—GJO-H >log N

or (ii) VN6 — 9?+1|| > log N. For case (i), we can apply Lemma 3 to the
first term inside the bracket of (A.18) to obtain

c* (k;? — N,k VN (6 - 69), V(S — z‘;)) = 0, (N~

L

for every A > 0 (The lemma is applied with T replaced by N and with
0 = 1). Moreover, by Lemma 2, the second term inside the bracket of (A.18)
is bounded by O,(logT). Similarly, for case (ii), we can apply Lemma 3
to show that the second term of (A.18) is O,(N~4) and the first term is
bounded by O,(logT). So for each case, we have

D(k} — N,kj + N) = (log T) 0,(N~4)

for an arbitrary A > 0. But N=4 < T=4/2 since N > T'/2 for all large T.
Thus from (A.17),

Ar(kyy .oy km) < O, (TP HDB=34Y 10T B

for a large A. This proves (A.15) and thus the proposition. |

PROPOSITION 2. Assume A1-A4. For every € > 0, there exists a C > 0
such that

P(kj— k9| > Cvz?) <e  (j=1,..,m)

Proof. For concreteness, we shall prove the proposition for j = 2 (the
case of j = 1 or j = m is simpler. Other cases are the same as j = 2). Let
Ay = {(k1, .o km); [ki — k9| < VTw;',Vi} and let A5(C) be a subset of Ay
such that As(C) = {(k1, ..., km) € As : |k2 — kS| > Cv;?}. By Proposition
1, P(ky,....,km) € Ay) — 1. From

A (ky, ko, b))
Ag(ky, k9, ks, ..y i)

>1

)
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to show |ky — k9| < Cup? or, equivalently, (ki ..., kn) & Az(C) for large C
with large probability, it suffices to establish that

Ap(ky, koo k)
Pl su >e| <e. A.19
(Az(g) A (k1 k9, k3, .oy ki) ( )

Canceling common terms, we find

Ar(ky oz, k) Dk ko) D(ka, k)
Ap(ky, kS, K3y oo k) D(ky, k9)D(k, ks)
D(ki,ks)  D(ka,ks)

S D(k0K: 03.59) DO ko 03,55) )
where the inequality follows from D (ky,k3) > D(k1,kS9;609,%9) (cf. (A.11)).
For concreteness, we assume k; < k?, ko < kg — 00172, and k3 < k'g. Other
cases are similar. Let pJ = (09,39) and p§ = (69,%9) denote the true
parameters of regime 2 and regime 3, respectively. Suppose ps = (ég, 22)
maximizes D(ky, ks,0,%). We can write

D(k1,kz) = D(ky, ka; p2) = D(ky, k{; p2) - D(KY, ka; p2) (A.21)
Similarly,
D(ky, ka; p3) = D(k1, ki; p3) - D(kY, ka; p3) = D(k1,ki; p5)  (A.22)

We have used the fact that the likelihood ratio D(kY, k2;p3) = 1 because
[k + 1,ks] C [k? + 1,k9] and pJ is the true parameter for this segment.
Thus, from (A.21) and (A.22),

D(kl,kg) D(kl,k(l),ﬁz) 0 R
= D(ky, ko; A.23
D(ky,k2;09)  D(k1, kD5 p9) (1, ka3 o) (4.23)

By Lemma 9, VT (p2 — p3) = O,(1) (apply the lemma with T} = ko — k?
and Ty = k? — k1. Note that T; > aT for some a > 0 and T < \/Tv;l by
the definition of A;). From the relationship between D and £ (cf. (A.13))
and in view of p{ being the true parameter for the segment (k;, kY], we can
write

D(ky, k95 p2) _ L(k1, kY VT (03 — p9) + VT (P2 — p3))
D(k1, k5 p3) L(k1, k5 VT (0§ — pY))

Because |k; — kY| < Tl/Z’U;l, we can apply Lemma 6 to the above expres-

sion, applied with (¢, 1) = (0§ — p?), and (A, E) = VT (p2 — p§) = Op(1).
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Note that ||¢]| < Mvr by Assumption A4. The same is true for Y. Thus
we have by Lemma 6

D(ky,kY; p2)
D(ky, k9 p3) Or(L). (4-24)

Furthermore,
D(KY, ka; p2) < D(k, ko) = O,(1) (A.25)

by Lemma 1 because [k + 1, k] involves a positive fraction of observations
from a single true regime (i.e., |ko — k?| > aT for some a > 0 and [k} +
1,ko] C [kY + 1,K8]). Equations (A.23)-(A.25) imply that the first factor
on the right hand side of (A.20) is O,(1).

Next, consider the second factor on the right hand side of (A.20). Let

p3 = (93,23) maximize D(kg, ks3;0,%). Then
D(ky, k3) = D(ka, k3; p3) - D(kS, ks; ps)

By Lemma 9, VT (p3 — p3) = O,(1) because the regime misspecification
is bounded by O(v/Tvy') observations (the dominating regime is (k9, k3],
and |k; — k?| < \/Tv;l for j = 2,3).

Note that for the segment (ko, k9], the true parameter is p9. Thus

D(ka, kS5 p3) = D(ka,k3;p5+ (05 — p3) + (63 — 03))
L(kz, k3 VT (p) — p3) + VT (b3 — p3))

s L(ka, k3; VT (p3 — p3) + u)
u| <M

IN

with large probability for large M because vT(ps — p3) = O,(1). For
|lu| < M, by assumption A3 and A4, |[VT(p§ —p8) +ull > [VT(p3—p3)|l -
lull > LIVT(p§ — P3)|| > bVTvr for some b > 0. By the definition of
Ay(C), kY — kg > Cuy?. Apply Lemma 5 (with reversed data order) with
hr = U;Q, A=C,dr =b/Tvur, and (8,%) = VT (p3 — p9) +u, we see that
for every € > 0, there exists C > 0 such that,

P( sup  D(kq,k3; p3) > e) <e. (A.26)
ka<kY—Cwv2,

D(k3,ks) = Op,(1) by Lemma 1 (be-
> 0). Thus the second factor on the
) - D(k2,kS;p3). Since the first factor

Finally, because D(kJ, ks;p3) <
cause k3 — kY > Ta for some a

right hand side of (A.20) is Op(1
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is already shown to be O,(1), we see that (A.20) is bounded by O,(1) -
D(k, k9; p3). In view of (A.26), we prove (A.19) and thus the proposi-
tion. |

Proof of Theorem 1 and Theorem 8. The rate convergence is implied
by Proposition 2, which holds for fixed v as well as shrinking vy. The
rate of convergence of the estimated regression parameters and covariance
matrices is a consequence of the fast rate of convergence of the estimated
break points. See Bai (1997) and Bai and Perron (1998) for details. |

Proof of Theorem 2. Notice

ki = argmax, AT(IACI, I l;i,l,f, l;'i_H, s l::m) (A.27)

or equivalently,

]Afi — k? = argmax, AT(];/'l; ceey iﬂ\)i_l, k‘lo + f, ];‘H_l, ceey ]%m) (A28)
= argmax, D(l%i,l,k? +4) -D(k? + 4, ];i+1)

D(ki1,k{ +£) - D(kY + £, ki11)
D(ki1,k0) - D(k?, kiga)

= argmax,

The behavior of the above expression as a function of ¢ will be examined.
We focus on the case of £ > 0. The case of £ < 0 is similar.

LEMMA 11. For vy fized or vy — 0 but satisfying (8), we have uniformly
in € (0 <0< Mvg?)

D(ki—1,k? +0) - D(K? + 0, ki11) _ D(K), k] + ¢ p)

R

D(ki_1,k0) - D(K, kiy1) -~ D(kYK 4+ €004

)(1 +0p(1)).
(A.29)

Proof. Let p; and p;y1 be the estimators of p? and p?_H based on the
subsamples (fci,l, kY + €] and (kY + ¢, lAcH_l], respectively (these estimators
depend on £. But for notational simplicity, the dependence is suppressed).
Similarly, let o7 and p;,, be the estimators of pY and p?_H based on the
subsamples (l%i,l, k9] and (K9, l;:i+1], respectively. Break up the segmented-
likelihood ratio D(lAci,l, k9 +£) into two segments both evaluated at p; such
that

D(ki—1, k) +€) = D(ki_1,kY; p;) - D(KY k) + €; p;)

2 27 7
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and, similarly

D(KY, kis1) = D(KD kY +6;p7q) - D(EY + £, 7A‘~‘i+1;f3§k+1)-

297

~ ~

In addition, by definition, D(k;_1,k?) = D(k;_1,k?; p;) and D(k?+¢, l;'i+1) =

79

D(k? 4 €, ki11; pis1). Thus the left side of (A.29) can be rewritten as

D(ki—1,k?; p:) Dk}, K7 + 4 i) 'D(k?+€aéi+1§ﬁi+1)

1071

D(’Afiqakg;ﬁf) D(k{, kY + €57, 1) D(k?—i—‘g:];i-ﬁ-l;ﬁa_l)‘

(A.30)

Next consider the first term of (A.30). By Lemma 10, uniformly in |¢| <
M 0;2,

pi— )= 0p(T™V?)  (j=ii+1),
pi—p) =0,(T"?)  (j=i,i+]1),

pi— P =0p(T7Y) (j=di+1)

Using these results, we will show the first term of (A.30) is 1 + o,(1).
Suppose k;i_; > k?_,, then we can use Lemma 8 to show it is 1+ 0,(1). To
see this, the denominator can be written as £(k;_1, k, VT (57 —p?)) and the
numerator as £(ki_1, k%, vT(pr — p?) + T—Y2[T(p; — p?)]). (Note the true
parameter for this segment is p).) Now take (¢, T) = VT (p} —p?) = O,(1)
and (A, 2) = T(p; — p;) = Op(1), the desired result follows readily from
Lemma 8 (note that Lemma 8 is stated in terms of log-valued likelihood.
Without taking logarithm, it is 1+ 0,(1)). Now suppose that ki < kY .
Then

D(ki 1, kY5 pi) _ D(kima, k1, pi) Dk 1, kD3 i)

D(ki—1,k0;p7)  D(ki—1,kQ_y;p7) DRy k25 57)

We can again apply Lemma 8 to the second term on the right. But for the
first term on the right, we can apply Lemma 7 twice after dividing both
the numerator and the denominator by D(l;i,l, kY 1;p?) and conclude the
resulting two ratios are each 14 o0,(1) so that itself is also 1 4 0,(1) (this
idea is elaborated below for other terms).

The entire analysis above is also applicable for the third term of (A.30)
and so it is also 1 4 0,(1).
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Next, consider the middle term of (A.30), which can be rewritten as

Dk, K +609) DO, KD + 45 p;) , D(KY, kY + 65 pi1)

29 1 77" 7771 A.31
DK T 6p0,) DELR T 60 DR gty 3

The last two terms of above are each 1+0,(1) by Lemma 7. To see this, con-
sider the middle term. The denominator is equal to £(k?, k9 + £; /T (p? —
p?+1)) and the numerator is equal to £(k?, k9 +£;v/T(p? — p?_H) +VT(p; —
pY)) (note the true parameter for the segment (k&Y + /] is p?,,). Now
take (¢, T) = (p) — p?,), and (A, E) = VT (i — pY), then the conditions of
Lemma 7 are satisfied. Thus the middle term of (A.31) is 140, (1) uniformly
in 0 < ¢ < Mv;? Summarizing these results, we obtain (A.29). This

proves Lemma 11. |

For fixed v, k; — k = O,(1). Thus to prove Theorem 2, it suffices to
consider |¢| < M. Now, for £ > 0, we have

D(k, K + £ p7)

D(k?, k? + ¢ P(i)+1)
_ k9+e _
|91 exp(—5 36 5 [YVe = (V/ @ DY (39) ' [Ye — (V) @ 1)6]]
B - kQ+¢ _ :
|E?+1| t/2 EXP(_%Zkg+1 52(2%1) Ley)

For t > kY, the true parameter is (69, ,,%?,,). Thus Y; — (V/®I)6) = e, +
(V/ @I)(69,, —6?). From this, expanding and taking logarithm (logarithm
transformation does not alter the value of the argmax functional), we obtain
W) (£) given in (6). The case of £ < 0 corresponds to W2(Z) (£) given in (7).
In summary and in view of Lemma 11, we have

D(ki—1,k? +£) - D(E? + €, kiy1)

a : = W () (A.32)
D(ki—1,k7) - D(kJ, kit1)

log

on bounded set of £. The assumption of continuous distribution of &; guar-
antees the uniqueness of the maximum value of W (%) (r). This implies that

ki — kY = argmaxZAT(lztl, - I;:i_l, K + ¢, IACZ-_H, - l;'m) LN argmaxéW(é)(f).

The detailed argument for the last claim can be found in Bai (1997). The
proof of Theorem 2 is now complete. ||

Proof of Theorem 4. From k; = argmax;, AT(I;:l, ki, kK, I;i-&-l, . l%m)
and v%(icz — k?) = O,(1), we consider the following parameterization:

~

AT(IAcl, ---;'l::i—la k‘? =+ [U’U;z], I;:i—&-la ceey km)



332 JUSHAN BAI

for v on an arbitrary bounded set. Consider

~

AT(]%ly ceey ]zli_l, k? + [’U’U;2], ]%i-‘rl’ ceey km)
Ar(kr, e ki, kO ki oo kn)

log

D1, K0 + [077]) - DK + [z i)
D(ki—1,k) - D(k, kit1)

= log

= WO([vvr®) + 0, (1),

The second equality follows from Lemma 11 (also cf. (A.32)). To prove
Theorem 4, it is sufficient to prove that W) ([vv}?]) = A (v). The latter
process is defined in the main text.

Let r = [vuy.?] for v > 0. Then r > 0. The first term on the right side of
(6) is

.
-5 (log |E?\ —log |E?+1|>

20+ (304, — 2D (29!

.
|
7 8

5 log ][22 + vr@)(£9) 7|

%log T + vp®(20) 71 (A.33)
= %vT tr(®;(20) 1) — Zv% tr([®:(20)7%) + o(v2).

Next, consider the second term on the right side of (6). Note Eeie} =
9., for t € (k9 ,k?,,]. Subtracting and adding X2 ; and noting that
() = (50,) 5, = (507150, — 29) = o (50)~1 @, we have

1 k?+r
9 Z €l <(E?)71 - (E?-H)il)&
k941
1 k?-}-r
= —Etr Z [(E?)fl - (E?+1)71} [E?+1 + (g1} — E?H)} (A.34)
k) +1

~ 5 ur te(@:(2) )

k?—l—r

- %tr{(zgﬂ)”z(@?)‘l - (E?+1)_1)(E?+1)1/2 > (] —I)}
Eo+1

—5 - ur tr(@:(2D) )

k?+r

1 _ _
= St RS T @S ) T e Y (el - D)
EO+1
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The first two terms on the right side of (6) is equal to, by combining (A.33)
and (A.34)

- Zuh (@271

k?-‘,—'r

1 _ _
= St AE) T RS ) T e Y (e — D)
E2+1

Since ¢ — X for all i, we have tr([®;(X9)71?) — tr([®:(Z0)71]?) =
tr(A%). In addition, (E?+1)1/2(29)_1®i(2?+1)_1/2 — A;. Furthermore,
rvZ = [vuy?Jvd — v uniformly over bounded v. Finally, from (9),
vp Z:Zi:(nmg —1I) = & (v) for r = [vv;?]. Combining these results and

noting that &;(v) and —&;(v) have the same distribution, we obtain the
first two expressions of A()(v) defined in (13). Next, consider the last two
terms of (6). From A6; = vrd;,

kY47 kY +[vvg?]
ALY (VeDE) e = Gur Y Vi@ (S) T
k{41 k941

= 3 QY% (v), v>0

by (12). Next, by (11),

k? +r k?—&-[vv;z]
AGL Y T IVV @ (39) A0 = 8vh Y MV @ (29) 716 — v 6iQ0;
k41 RO+1

Combining these results, we have
W ([vop?]) = AO@w) v >0.

The proof for v < 0 is similar. | . . .

Proof of Theorem 5. Let 0 = argmax, Ar(kq,...,k;—1, k?—}—[vv;z], kiviy.ey
k). This implies that k;—k? = [6v3?]. From |[z]—z| < 1, |2 (k;—k0)—| =
|vZ.[0vy?] — ©| < v2 — 0. Thus we have 02 (k; — k9) = 0 + 0p(1). Note the
identity

2 I 0 —2] L.
1 = argmax,, log Az (ky, - hi1 ki + oy ]’kH—lA’ R km). (A.35)

AT(kla LRRE) ]::iflakgal;i-ﬁ-l) 7km)
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This is because the denominator does not depend on v and log(z) is an
increasing function. Theorem 5 then follows from Theorem 4 and the
continuous mapping theorem. We point out that the argmax functional
generally is not a continuous functional. But it becomes continuous on the
set of continuous functions defined on a bounded set with each function
having a unique maximum. Because we already established the fact that
0 = O,(1), we can limit the domain of the argmax functional on functions
defined on bounded sets. This illustrates the importance of establishing
the rate of convergence for 9. The sample path of A(®) (v) is continuous and
has a unique maximum with probability one. Bai (1992) gives a thorough
discussion on the argmax functional. |

Proof of Corollary 3. We use the fact that if X ~ N (0, A), then b'X ~
(b’ Ab)'/2N(0,1) (this is true even if A is a singular matrix). It follows
that tr(A;£(v)) = vec(A;)'vec(€E(v)) £ (@Qa)'/2U(v) and 61Q'/2¢(v) <
(6:Q68;)'/?V (v), where U(v) and V(v) are standard two-sided Brownian
motions and Q = Evec(£(1))vec(£(1))’. Note that EC(1)¢(1) = I, an
identity matrix because ((v) is a vector of independent standard Brow-
nian motions. The assumption on the third moment implies the indepen-
dence of &(v) and (v). Thus, 27 *tr(A;£(v)) + 6:QY%¢(v) < bB(v) where
b= [4"'a'Qa + 6!Q5;]*/?, and B(v) is also a standard two-sided Brown-
ian motion. Thus A()(v) is equal (in distribution) to —|v[27 "¢ 4+ bB(v)
where ¢ = 271tr(A?) + (8/QJ;). By a change in variable, it can be shown
that argmax, {—|v|]27lc+bB(v)} 4 (b2 /c?)argmax, {—|s|27 ! + B(s)}. This
implies that

02 (f; — k9) - (6% /c?)argmax, {—|s|]27" + B(s)}.

Equivalently, (c?/b%)v2 (l?:z—k?) BN argmax, {—|s|271+B(s)}. This proves
Corollary 3. 1

Proof of Corollary 4. From Corollary 3, it is seen that the scaling factor
of k; — kY (multiplying both the numerator and the denominator by v%)
can be written as

2
(271131'([147;’[)1“]2) —+ UT(SZI-Q(SZ‘UT>
4=1vec(A;vr)'Qvec(Avr) + v1dlQdur

Because ;v = E?-H — E? and §;v7 = 9?+1 — 9?, this scaling factor can be
rewritten as

2
(271ex(B2) + (624, — 6 QUL — 61))
4= tvec(B;)'Qvec(B;) + (09, — 69)Q(69,, — 6?)

(A.36)



VECTOR AUTOREGRESSIVE MODELS 335

where B; = 261/2(E?+1 — Z?)Ealm. This follows from A;vp =
Eal/zqnﬂalﬂvq« = B;. Let ZA)Z and él be estimators such that ZAL — E? =
Op(T1/2) and §; — 69 = O, (T~ V/2). Define B; = £;"/*(£;41 — £)8; '/
then B; is consistent for B;. In addition, if 2 and @ are consistent estima-
tors of €2 and @, respectively, then we have

(6 — o) (ki — k') = 0p(1), (A.37)

where «; denotes the whole expression of (A.36) and & is the estimated
version. Note that it is not sufficient to have &; — a; = 0,(1) because

ke — k) = Op(vfz), which converges to infinity when v converges to zero.
However, it is also true that 69, , — ) = O(vr) and X9, — X? = O(vy),
which converge to zero. Together with the rate of convergence of 3, and
6;, equation (A.37) can be proved in a routine fashion (by adding and
subtracting terms). In fact, it can be shown that the left hand side of
(A.37) is of Op(l/(\/TvT)). The proof of Corollary 4 is complete. |
Proof of Corollary 5. This corollary is a special case of Corollary 4. |
Proof of Corollary 6. We first prove that under normality, the scaling fac-
tor of v%(l;'?—k?) in Corollary 3 is simplified to 27 tr(A?)+4/Q4!. Tt is suffi-
cient to show vec(A;) Qvec(A;) = 2tr(A?). If this is the case, the numerator
will be the square of the denominator and the desired simplification follows.
Let aj; denote the (k,1)th entry of A;. Then tr(A?) =", a2, +2 ., af;.
Recall that vec(A;)'Qvec(4;) is the variance of tr(4;£(1)). Let ¢y de-
note the (k,I)th entry of £(v) for v = 1. Because £(v) is the limiting
distribution of vy Y (e — I), vec(§(1)) has the same covariance ma-
trix as vec(nm; — I). Now tr(A;£(1)) = > apr¥rr + 2 artr. So
vec(AsY Qvec(As) = B(Y aritbi 4255 .y avitbna)® = 5 ane(md — 1) +
2 s armknul® = 2> ai, +4> ", apy = 2tr(A?). We have used the fact
that under normality ({n?, — 1}7_,, {mxnu}r<i) is a vector of uncorrelated
random variables with E(n? — 1) = 2 and E(n?,n?) = 1. This proves
the desired simplification under normality. As for the second part of the
corollary, the argument is identical to the proof of Corollary 4. |
Proof of Corollary 7. This corollary is a special case of Corollary 6. |
To prove Theorem 6, we need additional results.

LEMMA 12. Let hp, dr and St be the same as in Lemma 5, then for
every given A > 0,

sup  sup  £(0,k;6,5) = Op(1),
1<k<Ahr (9,8)€S%

where S% is the complement set of St.
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Proof. See Property 6 of BLS. |

LEMMA 13. Let m° be the true number of change points, and let (lAcl, ey lAcmo)
be the estimator defined in Section 3. Then

Ag(Fyy ooy ko) = O,(1).

This lemma says that the optimal likelihood ratio is stochastically
bounded. Because Ar(ki, ..., k,0) > 1, the log-valued optimal likelihood
ratio is also stochastically bounded.

Proof. From Ag(ky, ..., ko) = D(0, ky)D(ky, k) - - - D(kpo, T), we shall
prove each of D(-,-) is O,(1). Consider D(l%l,fcg) for concreteness. Let
p2 = (B2,%5) be the estimator of (pd,%9) based on the segment (ki ko).
The estimator is root-T' consistent by Theorem 3. Suppose that ky < k¢
and ];72 > k9, which is the most complicated situation. Then

D(fﬁ,iﬁ) = D(iﬂl,k?;f’z) 'D(k?,kg;f&) 'D(kg,imﬁz)-

The middle term on the right hand side is O,(1) because D(k?,kS; p2) <
D(KY,k9) = O,(1) by Lemma 1 (single true regime and positive fraction of
observations). Consider the third term.

D(k‘ga ffz% ﬁz) = ’C(kga ]Afz; \/T(f’z - ,0(2)) + \/T(Pg - Pg))- (A-38)

Now [[VT(p2 = p3) + VT(p3 — )| < 2lIVT(p§ — p3)|| < CVTor by As-
sumption A4. In addition, ky — kJ < Mv;2 by Theorem 3. By Lemma
12, applied with hy = v;Z, dr = CVTvp, and A = M (note that
VT (po— p9) +VT(p3 — p3) is in the set S5.), we see the right hand side of
(A.38) is O,(1). Similarly, D(ki,k{;p5) = Op(1). Thus D(ky,ky) =
Op(1). 1

Proof of Theorem 6. We first show that P(r < m®) — 0. It is sufficient
to show P(min,,<,,0 BIC(m) — BIC(m®) < 0) — 0 as T increases. Let
m < mP, and let (IACT, e l;:’:no) be the optimal estimator of the break points
with m® known. We have

BIC(m) — BIC(m®) = —log L(ky, ..., km) + log L(k}, ..., k%) 4+ (m — m®)g(T)
= —log Ap(ky, ..., kp) +log Ap (k.o ko) + (m — m®)g(T).

The second equality follows from by adding and subtracting log IT._, f (&)
and by the definition of A7. The second term on the right hand side does
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not depend on m and it is O,(1) by Lemma 13. Thus
BIC(m) — BIC(m®) = —log Ap(ky, ..., k) 4+ (m — m®)g(T) + O,(1).

When m < m0, there must exist at least one change point that cannot
be consistently estimated. This implies that the model parameters for
some regime cannot be consistently estimated. That is, there exists a
segment (k,£] which satisfies (i) £ — k > T for some § > 0, (ii) (k,£] is a
subset of the intersection (ks 1, k] N (k9 |, k] for some h and i, and (iii)
VT||0r — 62| > b/Tvr or VT||E — £?|| > bv/Twr for some b > 0. By
Lemma 4 or (A.3), the likelihood ratio for this segment

log D(k, ¢; On, Sh) = log L(k, ¢ \/T(éh — 0, VT () — 29))

is less than —cTw? for some ¢ > 0 with large probability. By Lemma 2,
the maximum value of the log-likelihood ratio for all other segments is at
most O,(logT). Thus BIC(m) — BIC(m") > c¢TwZ — |O,(log T)| — |m° —
m|g(T) — |Op(1)| > cTvE —m°g(T) — |Op(log T)| — +o0o with probability
tending to 1. This implies that P(m < m") — 0.

Next, we show P(m > m®) — 0. Suppose m > m". By Lemma 2,
when adding a break point in estimation, when there is in fact no break
point, the log-likelihood ratio is increased at most by O,(logT). Thus, for
m >mP and m < M,

BIC(m) — BIC(m°) = —log A(ky, ..., k) 4+ (m — m®)g(T) 4+ O,(1)

> —log A(k1, ..., knm) + g(T) + Op(1) > —|O,(log T)| + g(T') — +o0.

This implies that P(7i > m®) — 0. The proof of Theorem 6 is complete. |

APPENDIX: COMPUTATION
Assume m is known. For each set of hypothesized change points (k1, ..., km ),
let 6; = 0;(ky,..., k) be the estimator of 6 using the segment (k; 1,k;]
(cf. model (2)). Define

k.
« 1 - R R
Ei(klv"'vkm) = ki — ki § : [Yt*(Vt‘X’OJHYt*(Vt(@@)Y
7 71— tek; 4

Then the log-valued quasi-likelihood as a function of (ky, ..., k) is simply

m+1
log L(ky, ..., k) = Z (ks — ki_1) log det[S;(ky, ..., k)]

i=1
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where det(B) is the determinant of matrix B. Thus the change point
estimator is

(k1,.or km) = argming . log L(k1, ..., km).

When m > 1, efficient algorithm based on dynamic programming is avail-
able. Note that éi(kl, ooy k) and i]i(kl, ..y km) actually only depend on
k;_1 and k;. The dynamic programming algorithm requires the calculation
of the following number for each segment (k, £,

(€ — k)log det S(k, £).

Once this is computed for all segments of (k, £] (there are at most T'(T—1)/2
distinct segments with at least two observations), the algorithm can quickly
search the optimal change points based on the principle of optimality. De-
tails are given in Bai and Perron (1999) for univariate series with least
squares estimation. But the idea is applicable for quasi-maximum likeli-
hood method. Their computer code is also available upon request.
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