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Consistent Specification Tests for Regression Models
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This paper presents three procedures for testing specifications of regression
models. The first procedure is parametric and it tests the specification of
an unconditional moment restriction model against a nonnested unconditional
moment restriction model. The second procedure is nonparametric and it tests
the specification of a conditional moment restriction model against a nonnested
conditional moment restriction model. The third procedure also is nonpara-
metric but it tests the specification of a conditional moment restriction model
against all alternative specifications. All procedures permit heteroskedasticity
of unknown form and are shown to be consistent. The test statistics of the
first two procedures are simply the t-ratios of a 2SLS estimator while that of
the third procedure is computable from LS output via auxiliary LS regressions.
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1. INTRODUCTION

Economic theory relates economic variables but rarely provides a func-
tional form. In practice, linear, loglinear, semi-loglinear, and trans-loglinear
forms are commonly used. However, if these functional forms misspecify
the true relationship, parameter estimates will generally be inconsistent.
Thus, it is important to subject the model to evaluation. Several pro-
cedures for testing functional forms have been proposed.! Most of those

*1 would like to thank Dave Denslow, Charlie Hadlock, and Jeffrey Wooldridge for
useful comments.

IExamples include Godfrey and Wickens (1981), Utts (1982), MacKinnon, White, and
Davidson (1983), Davidson and Mackinnon (1981, 1985), Wooldrige (1991, 1992, 1994),
De Jong and Bierens (1994), Hong and White (1996), and Fan and Li (1996). For a list
of other references, see Godfrey, McAleer, and McKenzie (1988).
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procedures compare the regression model y = f(z, o) + u with another
regression model ¢(y) = q(z,ap) + &, while the other procedures test the
specification of the regression model y = f(z,p) + u against all alterna-
tive specifications. All those procedures focus on conditional mean spec-
ifications and require the regressors be exogenous. However, in empirical
studies, regressors often are endogenous and models often are specified as
conditional moment restrictions (see Dadkhah and Valbuena (1985) and
Hansen and Singleton (1982) for examples). The main objective of this pa-
per is to extend the existing test procedures to general regression models.
Specifically, we present test procedures for testing a conditional moment
restriction model:

E{g(z,05o)|x} =0 for some By € B with probability one, (1)
against a nonnested conditional moment restriction model:
E{h(z,a0)|z} =0 for some ap € A with probability one, (2)

where g(.) and h(.) are two (possibly nonlinear) functions of known form
and «ag and By are the true values of vector-valued unknown parameters.>
The vector-valued z and x denote observed data and x may or may not
overlap with 2.2 The variables = can be interpreted as instrumental vari-
ables so that the variables z are permitted to correlate with the residuals.

We present three testing procedures. The first procedure is for testing a
weaker version of (1) against (2). Let w denote a vector-valued function of
z. (1) and (2) imply

E{g(z, Bo)w} = 0 for some 3y € B, (1"
E{h(z,a9)w} = 0 for some ag € A. (2"

The first procedure is for testing (1') against (2'). This procedure is para-
metric when the dimension of w is fixed and independent of sample sizes.
The second procedure is the same as the first one but allows the dimension
of w to grow with sample size. This procedure is nonparametric and it is
for testing (1) against (2). The third procedure also is nonparametric but
it tests the validity of (1) against all alternative specifications.

The first two tests are closely related to those of Davidson and Mackinnon
(1981, 1985) and Mackinnon, White, and Davidson (1993), and Wooldridge
(1994) and can be viewed as conditional moment tests of Newey (1985) and
Tauchen (1985). But, unlike those tests, the proposed tests: are applicable

2Extensions to the case where g(.) and h(.) are vector-valued functions are described
in the discussion following Theorem 1.
3All vectors in this paper refer to column vectors.
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to more general conditional moment models; permit heteroskedasticity of
unknown form; and allow the number of moment restrictions to grow with
sample size. By allowing the dimension of w to grow with sample size, we
obtain a consistent test for (1) against (2). The existing tests, on the other
hand, are not always consistent. Our third test is closely related to those of
De Jong and Bierens (1994) and Hong and White (1996). In both studies,
conditional expectations are estimated by series estimators and the number
of terms in the series approximations are then allowed to grow with sample
size to assure that the approximation errors are zero in the limit. Neither
studies address the heteroskedasticity issue explicitly, though the test of De
Jong and Bierens is heteroskedasticity robust. Our test, on the other hand,
addresses the heteroskedasticity issue explicitly, thereby is more powerful.

As indicated earlier, the framework (1) - (2) encompasses many of the
testing problems studied in the literature. To see this specifically, consider
testing a linear specification y = x| 8y + u against a loglinear one In(y) =
zhag + . With z as the union of z; and z2 and with z as the union of
y and z, (1) and (2) are satisfied with g(z,80) =y — z 8o and h(z,ag) =
In(y) — zhap. As a second example, consider testing the linear specification
against the more general model of Box and Cox (1964). (1) and (2) are
satisfied with g(z, Bo) = y — '} Bo and h(z, ap) = y*° — xhay, where \g is a
coefficient to be chosen by researchers or estimated from data. As a third
example, consider testing the model y = 2 Sy +u against the nonparametric
alternative y = E{y|z} + . Then (1) is satisfied with g(z, fo) =y — 1 5o
if and only if z{ By is the correct specification of E{y|z}.

The paper is organized as follows: Section 2 introduces and discusses the
first test procedure, Section 3 introduces and discusses the second proce-
dure, Section 4 introduces and discusses the third procedure, and Section
5 concludes the paper. Omitted proofs are relegated to Appendix B.

2. PARAMETRIC PROCEDURE

To motivate the first two testing procedures, we apply the well-known
artificial nesting approach (Atkinson (1970) and Quandt (1974)). Nest (1)
and (2) in a larger model:

E{(1—d0)g(z, Bo) + doh(z,a0)|z} = 0 with probability one,

which writes

g(zaﬂﬂ) = (50(h(2, aO) - g(z>60)) +n, (3)

where the disturbance 7 satisfies E{n|z} = 0 under both (1) and (2) but
the true value dg satisfies 09 = 0 under (1) and dy = 1 under (2) respec-
tively. The models (1) and (2) and the models (1') and (2') can be tested
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by checking whether dp = 0 or o = 1. We will estimate dy from (3) and
check its significance. However, as noted in the literature, (3) alone cannot
identify all parameters.? To resolve this identification problem, we follow
Davidson and MacKinnon (1981) by estimating fo from model (1) and es-
timating ap from model (2) using some sensible estimation methods. For
example, # and @ could be the GMM estimators of models (1) and (2) re-
spectively.® It then follows from Hansen (1982) that, under some regularity
conditions, & and /3’ converge to some limits o* and 8* respectively at rate
VN, where the limits satisfy: 3* = 8 under (1) and o* = ay under (2).
The estimators & and /3’ do not have to be the GMM estimators but they
must satisfy:

AssumMPTION 2.1. V/N(a — o) = 0,(1) and VN(B — 5*) = 0,(1).

Replacing ag and Sy with the estimators, we obtain:

9(2,8) = do(h(z,&) — g(2,8)) + 1, (4)

where 7) is the sum of 1 and the errors resulted from substituting & and B
for ag and fy. Our test procedures are based on the model:

g(Z,B):gB(Z,B)IAo—F(So(h(Z,OAK)—g(Z,B))-Fﬁ, (5)

where gs(.) denotes the first derivatives of g(.) with respect to 8 and the
true value A\g = 0 holds under both (1) and (2). The first derivative term
is used to purge the effects of @ and A.

Since the right-hand side regressors in (5) may be correlated with the
residuals, we estimate Ag and &g by 2SLS using w as instruments. We then
test dp = 0 using the ¢-ratio of the 2SLS estimator of dy. Let (z;,z;) for
i=1,2,---, N denote sample realizations of (z,z) satisfying:

ASSUMPTION 2.2. (2;,2;) fori=1,---,N are i.i.d..

Denote sample realizations of w by w;. Let I and 4 denote the OLS es-
timators from regressing gz(z;, B) and h(z;, &) — g(z;, B) on w; respectively.
Let hq(z,a) denote the first derivative with respect to a and let gzg(z, )
denote the second derivatives with respect to 3. Let 3; denote the j-th

element of 5. Suppose that the following condition holds:
N
ASSUMPTION 2.3. (i) N1 Zwiwg is nonsingular and E{ww'} is pos-
i=1
itive definite;
4See Gourieroux and Monfort (1994, p. 2611).
5The GMM estimators can be obtained with little programming effort in TSP. All

you need to do is to provide the moment function g(z,3) or h(z, a) and the instruments
w. TSP then computes the estimates and the standard errors.
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(1) Efsupseplgs(z, B)w'|}, E{sup,ea |ha(z, a)w'}, and
E{supgcp 9555 (2, B)w'|} for all j are finite.

Then T' and 4 converge to T* = E{gs(z, f*)w'} E{ww'} " and * =
E{ww'} ' E{w(h(z,a*) — g(z, 5*))} respectively in probability at rate v’ N
(see Lemma B.1 of Appendix B).

Let 8 denote the OLS estimator from regressing w}4y on Tw;. 6 converges
to #* = (T* E{ww'}I*")~'T* E{ww'}y* in probability at rate N (Lemma
B.1) if the following condition holds:

N

ASSUMPTION 2.4. N1 Z Dw;w!I" is nonsingular and T* E{ww'}T'* is

i=1

positive definite.
The 2SLS estimator 4 is given by

~ N A ~ _1 N A ~ ~
0= {Z(wﬁ - (Fwn'e)?} > (wiy = (Tw;)'0)g(zi, ).

i=1

N
Clearly, N—! Z(wﬁ — (T'w;)'8)? must be nonzero for all N and converge
i=1

to a positive constant E{(w'y* — (T*w)'#*)?} in probability. The constant
E{(w'y* — (T*w)'#*)*} is positive if and only if the following condition
holds:

ASSUMPTION 2.5. «* # ['*'9*.

We now state other conditions. Define u = g(z,*) and € = h(z, a*).
Denote sample realizations of u and € by u; and ¢; respectively.

AssumpTION 2.6. E{u?|z} and E{u*|z} are bounded and bounded away
from zero uniformly over x.

ASSUMPTION 2.7. For given z, g(z,3) and h(z,a) are continuous and
twice continuously differentiable with respect to o and (3.

Assumption 2.2 rules out dependent data but it can be weakened to per-
mit time series data (see the discussion following Theorem 1). Assumption
2.3(i) rules out multicollinearity. This condition is always imposed in the
regression literature. Assumption 2.3(ii) is a stochastic dominance condi-
tion. This condition is often imposed in the nonlinear econometric litera-
ture to assure uniform convergence. Assumption 2.6 is needed for proving
consistency of the White heteroskedasticity covariance matrix while As-

sumption 2.7 is needed for linearizing g(z, §) and h(z,&). Assumptions 2.4
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and 2.5 assure that the 2SLS estimator 4 is well-defined. Assumption 2.5
requires that (1’) and (2) be intrinsically nonnested in the sense that they
do not hold simultaneously.® Though difficult to verify, this condition can
be tested using the estimator 4 — I'§ which is asymptotically normal with
mean zero if Assumption 2.5 is not satisfied. For instance, a Chi-square
type of test can be constructed. ” .

Under these conditions, we show that v/N9 is asymptotically normal with
mean zero and variance o3 = (E{(w'y —w'T'0)?}) 2 (E{(w'y — w'T"§)*u})
under (1'). Following White (1980), a consistent estimator for o} is given
by

N -2 N
62 = {Nl Z(wﬁ - (f‘wi)'é)2} {Nl Z(wﬁ - (fwi)'é)za;é’} , (6)

where 4; = g(z;, ) or 4; = g(z,8) — g5(z,B8)'A = d(h(z,&) — g(z,8)). Both
estimated residuals are consistent for the true residual u;, but the latter is
used in computing the variance when the TSP 2SLS procedure is applied
to (5) and the Robust option is requested. The t-ratio { = vN&/Gs is
then asymptotically standard normal under (1'). Under (2'), we show that
t converges to +oo. Thus, a one-sided test is consistent for testing (1')
against (2'). We summarize these results in a theorem.

THEOREM 2.1. Under Assumptions 2.1 - 2.7 the t-ratio t: (i) is asymp-
totically standard normal under (1'); and (ii) converges to +oo in proba-
bility under (2').

Smith (1992) also proposed a test for (1') against (2'). Let gy and
hy denote the sample averages of g(zl,ﬁ)wZ and h(z;, &)w; respectlvely
Smith’s test statistic (Smith (1992, pp. 975, equation (2.6)) is gNWhN,
where W is an estimator of some matrix. Note that gy — 0 in probability
under (1) and hyx — 0 in probability under (2'). We have i Why — 0 in
probability under both (1") and (2'). This is in contrast with the proposed
test which has divergent limits. Thus, our test is more likely to reject (1')
when (2') is true than Smith’s test.

The proposed test is in fact a test for E{uw} = 0. Thus, it can be
viewed as a conditional moment test of Newey (1985) and Tauchen (1985).
It differs from their tests in that in our test: (i) & and A can be any sensible
estimators; (ii) these estimators do not affect the asymptotic distribution
of the proposed test statistic; and (iii) the proposed test statistic is just

6This follows because, if (1') and (2) hold simultaneously, v* (and hence 6*) is zero.
"Derivation of this test is straightforward and shall not be done here to conserve space.
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the t-ratio of the 2SLS estimator provided that White heteroskedasticity
consistent covariance matrix is computed.

For dependent but stationary time series data, the 2SLS estimator v/ N )
under (1') is still asymptotically normal but its standard errors will be in-
correctly estimated. Consequently, the proposed test statistic ¢ is asymp-
totically normal but not standard normal. But, if the Newey- West auto-
correlation and heteroskedasticity consistent covariance matrix is used to
compute the standard error of the 2SLS estimator, Theorem 1 still holds.?

Theorem 2.1 can be easily extended to the case of multiple alternatives.
To see this, suppose that the true model when (1) is rejected is one of the
following:

E{hj(Z,Oéjo)w} =0 fOI‘j = 1’2,... ,J_

Then the counterpart of (5) is

J
9(z,8) = g5(z,8) X0 + > _ 60 (h;j(z, &;) — g(z, 8)) + i, (7)

=1

where G; are some /N —consistent estimators for ajo. (1) is true if and
only if all §;o0 = 0. Apply 2SLS to (7). The 2SLS estimators Sj — 0 for
all j under (1') and at least one Sj converges to some nonzero constant
under (7). Let 6 = (§1,---,6;) and let V denote the covariance matrix
of . Then 6V 14 has a central Chi-Square distribution with degrees of
freedom J under (1’) and a noncentral Chi-Square distribution if (1) does
not hold.

Theorem 2.1 also can be extended to the case of a simultaneous equa-
tions system. Consider testing the null: E{gym(z;, Bmo)w} = 0 for m =
1,2,---, M against the alternative: E{h(z, amo)w} =0form =1,2,--- , M.
Let Bm and d&,, denote some /N —consistent estimators of 8o and amo
respectively. Let gmp(.) denote the derivatives with respect to 3. Then,
(5) becomes

gmB(Z:Bm) = gm(z;Bm),/\O + 0o (hm (2, &m) — gm(z;Bm)) + - (8)
Apply 3SLS to (8) and save the covariance V of the 3SLS estimators § =
(81,-++,0p)". Then 8’V 16 has a central Chi-Square distribution with

degree of freedom M under the null and noncentral Chi-Square distribution
under the alternative.

8The Newey-West covariance matrix requires extra programming effort.
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3. NONPARAMETRIC PROCEDURE I

The proposed test, though consistent for (1') against (2'), is not consis-
tent for (1) against (2). This is because (1') and (2') do not imply (1) and
(2). To assure consistency of the test for (1) against (2), we must allow the
dimension of w to increase with sample size so that (1’) and (2) are equiva-
lent to (1) and (2) in the limit. In other words, we must assure that I'™*w and
w'y* approximate E{gs(z, 8*)|z} and E{h(z,a*)—g(z, 8*)|z} respectively
arbitrarily well. To accomplish this, we need to be specific about w. Let
{as(x),s > 1} denote a prespecified family of base functions.? This can be
any family of functions satisfying the conditions below. There are no other
restrictions on these base functions other than that they must be dense in
a functional space. For some integer k, define w = (a1 (z),--- ,ar(z)) .10
We now study the limiting behavior of the ¢- ratio of Section 2 when k
tends to infinity as IV tends to infinity.

As k increases with N, the number of parameters in v* and T'* also
increases with V. This implies that 4 and I’ cannot be v/N consistent.
However, we will show that Tw and w'4 converge to E{gs(z,5*)|z} and
E{h(z,a*) — g(z,B*)|z} respectively at rate o,(N~/*). Moreover, we will
show that @ is still v/N consistent (Lemma B.4). This implies that, with
f(l‘) = E{h(Z, CM*) - g(Z,ﬂ*) - 9(276*) - gg(z,ﬂ*)’9*|m},

N

N7UY (i — (Twi)'8)* = B{f(2)*} + 0p(1).

i=1

*

We also will show that, under (1), v N § is asymptotically normal with
mean zero and variance: o3 = (E{f(z)?})7?E{f(z)?u*}, which can be
estimated consistently by the estimator 63 defined in (6). Thus, the t-ratio
t is still asymptotically standard normal under (1). Under (2), ¢ converges
to +o0.

To assure these results, we must impose all assumptions of Section 2 with
Assumption 2.5 now replaced by:

AssumpTION 3.1.  E{h(z,a*)|x} is not a linear combination of
E{gs(2, 87|z} and E{g(z,5")|z}.

In addition, we also impose conditions on the base functions and on
the number of base functions used in the approximations. Let Riy(x) =
E{h(z,a*)—g(z, f*)|z} —w'y* and Ry (x) = E{gs(z,5*)|r} —*w, where
~v* and ['* are now the coefficients in the series approximations. Define
vii = h(zi, a") = g(z, B*) — E{h(z,a") = g(z, B7)|z;} and vy = ga(zi, B") —

9Examples of the family of functions include the polynominal, trigonometric and FFF
families.
10Clearly, w depends on k. We omit the argument k for convenience.
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E{gs(z,5%)|z:}- Let |.| denote the absolute value operator. For any matrix
A;, suppose that |A4;|, maxj<n{|A:|}, and A7 for any integer s are element
by element operations.

AssuMPTION 3.2. max;<n E{vi|z;} = O,(1) and max;<ny E{v3;|z;} =
0,(1).

ASSUMPTION 3.3. (i) k — +o0o as N — 4o0; (i) k/VN — 0.

AssuMPTION 3.4. /N sup, {|Rix(x)|} = 0 and v/N sup, {|Ra(z)|} — 0
as N = 4o0.

Assumption 3.1 requires that h(z,a*) must not be a local approxima-
tion to h(z,(*). It also requires that (1) and (2) must be intrinsically
nonnested in the sense that the probability of the event: E{g(z,5*)|z} =0
and E{h(z,a*)|z} = 0 is less than one. Assumption 3.2 permits het-
eroskedasticity but requires that the variances are bounded. Assumption
3.3 imposes an upper bound on the number of instruments while Assump-
tion 3.4 imposes a lower bound. These conditions require that k£ be large
enough to kill the bias in the series approximations but not large enough
to increase the variance of the 2SLS estimator. Under these conditions, we
show:

THEOREM 3.1. Under Assumptions 2.1 - 2.4, 2.6 - 2.7, and 3.1 - 3.4, the
t-ratio t:(i) is asymptotically standard normal under (1); and (i) converges
to +o0o in probability under (2).

Theorem 3.1 extends the results of Theorem 2.1 to the case where the
number of instruments (k) increases with sample sizes. It shows that the
one-sided t-test proposed earlier is consistent for (1) against (2). This result
generalizes those of Davidson and Mackinnon (1981, 1985) and Wooldridge
(1994) to the more general conditional moment setting.

Although the second test is theoretically better than the first one, in
practice both tests use the ratio of the 2SLS estimator and hence are iden-
tical. Both tests improve upon the existing tests. To see this, consider the
case: ¢g(z,080) =y — f(z,B0) and h(z,ap) = y — q(z, ap). Equation (5) now
becomes:

y— f(m;B) = fﬁ(mag),AO + (50(]0(1',3) - q(l’,d)) + 77

Since fg(.) and f(.) — ¢(.) are uncorrelated with n, they can be used as
instruments. With w = (fg(m,B)’,f(x,B) —q(z,&))’, 2SLS is identical to
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OLS and # is the ¢-ratio of the OLS estimator of dy. In this case, our test

is identical to the P-test suggested by Davidson and MacKinnon (1981).
As a second example, consider the case: g(z,80) = v — f(z,5p) and

h(z,a0) = v(y) — q(x, ap), where ¢(.) is known. Then (5) becomes.

y = f(@,B) = f5(z,0)' X0 = do(ey) =y + f(2,8) = a(w,&)) + 7. (9)

Since fg(a:,ﬁ) is uncorrelated with 7, it can be used as instrument. The
second regressor in (9) is correlated with 7, so 2SLS is called for. The
PE-test proposed by MacKinnon, White and Davidson (1985) is based on

y— f(2,8) = f5(x, )" o + do((f (x,8)) — q(, @) + 7.

Their test statistic is the ¢-ratio of the OLS estimator of §y. As Wooldridge
(1994) pointed out, the PE-test is generally inconsistent because, by Jensen’s
inequality, E{p(y)|z} # ¢(E{y|z}) under (2). Wooldridge modified the
PE-test by assuming that E{y|z} = 190~ (E{p(y)|r}) under (2). His
testing procedure is based on:

y— f(z,8) = fa(z, B)'Xo + 6o (f(z, B) — 7o L (q(z,@))) + 7, ™

where 7 is the OLS estimator of regressing y on ¢! (g(z, &)). The Wooldridge
test is consistent under his condition. However, we argue that not all dis-
tributions satisfy his condition. In particular, his condition may not be
satisfied if y is heteroskedastic. Besides, his test does not apply to the case
of endogenous regressors.

As a third example, consider testing the fixed-effects panel regression
model:

yit:mllit60+/j’i+uit7 fOI‘?:ZI,Q,"',N;tZI,Q, (10)
against the nonnested fixed effects panel regression model:
‘P(yti)lezita0+Vi+5ita fOI“?::l,Q,"' 7N;t:1527 (11)

where the variables u; and v; denote individual effects. Let z;; denote the
union of z1;+ and x2;. Suppose that the disturbances satisfy E{uit|z;:} = 0
and E{ei|zi:} = 0. Because of the presence of the individual effects, the
proposed test procedures cannot be applied to (10)-(11) directly. Instead,
we first eliminate the individual effects through differencing:

Ayin = Ao + Aug, (12)
Ap(yin) = Azhipap + Agg, (13)

" For details on the Wooldrige test, see Wooldridge (1994).
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where A is the first difference operator. We then apply our procedure to
(12) - (13). The counterpart of (5) is:

A(yiz — Th158) = Az 3 Mo + 60 A(9(Yin) — ThinG — yin + T 1o 8) + Ao (14)

Note that E{u;|zis} = 0 and E{ei|zis} = 0 do not necessarily imply
E{Aui|Azi} = 0 and E{Ae;|Az;:} = 0. This is because z; may in-
clude lagged dependent variables. Thus, Davidson and Mackinnon test
and Wooldridge test do not apply. But if we assume E{Au;|z;1} = 0 and
E{Aep|zin} = 0, we have E{An;2|z;1} = 0. So (14) can be estimated
by 2SLS with z;; as instruments. If z;; cannot be used as instruments,
external instruments are then called for.

4. NONPARAMETRIC PROCEDURE II

The proposed test in Section 3, though consistent for (1) against a partic-
ular alternative model (2), is not consistent against all alternative specifi-
cations. We now present a test that is consistent for (1) against all alterna-
tives. The test is closely related to those of De Jong and Bierens (1994) and
Hong and White (1996) and is based on E{(u/o(x))E{(u/o(z))|x}}, where
u = g(z,$*) and o(x)? = E{u?|z}. Note that E{(u/o(z))E{(u/o(z))|z}} =
0 if (1) holds and E{(u/o(z))E{(u/o(x))|z}} > 0 if P{E{u|z} # 0} > 0.
A consistent test can be constructed using the sample average:

N

> (uifo (@) B{ui/o(w:))]a:}.

i=1
The residuals u; are unknown and shall be estimated by ¢(z;, B) The vari-
ance also is unknown and shall be estimated by the fitted values of regress-
ing g(z;, 3)? on wy;, where wi; = (ai(x;), -, ax, (z;))". Let 6(z;)? denote
the fitted values. &(x;)? is not guaranteed to be positive. Hence, some sort
of trimming is necessary. Define

sp(p) = 1y/p for p > b; sp(p) = 3.5%u? /b*® — 2.5*pu® /b>2 for 0 < pu < b;
and sp(p) =0 for p < 0.

Then sp(p) is an approximation of 1/,/u. Clearly, s;(u) controls small
values of and trims negative values of p. It can be verified that s,(u) has
first continuous derivative with respect to . Moreover, |sy(1)| = O(1/v/b)
and |s)(u)/dpl = O(1/b*%), where s; () denotes the first derivative with

respect to p. We now estimate u;/o(x;) by g(zi, 3)ss(6(x:)?).
Next, we estimate FE{u;/o(z;)|z;} by the fitted values of regressing
9(zi, B)sp(6(w;)?) on w;. Let E{g(z, B)sp(6(x)?|z;} denote the fitted val-
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ues. Then, our test statistic is given by:

N
Z i B)50(6(2:)*) B{g (=, B)sy(6 () |ei}-

We shall show that, under some conditions, (# — k)/v/2k is asymptot-
ically standard normal under (1). When (1) does not hold, we show
(* — k)/V/2k — +00 in probability.

Conditions that assure these asymptotic results are those imposed in
Section 2 and Section 3 as well as those on the series approximation of
o(x?) = E{g(z,B8*)%|z}. Let w}vy} denote the series approximation of
E{g(z,8*)?|x} and let Ry, (z) = E{g(z,5*)*|z} — wiy} denote the ap-
proximation error. Let vs; = g(z;,3*)? — E{g(z,*)?|z;}. Let w'yj de-
note the series approximation of E{g(z,3*)/o(z)|z} and let Rar(z) =
E{g(z,5*)/o(z)|x} — w'y; denote the approximation error. Let v4; =
9(zi, %) [o(x;) — E{g(z,B8*)/o(z)|z;}. The following conditions shall be
imposed:

ASSUMPTION 4.1. (i) k= +oo and N/Vk — +o0o as N — +oo; (ii)
N

Zw] ' is nonsingular; (i) supi{w;(z wjwi) " wi} = 0 as N = +oo;
j=1

and (vi) E{u*/o(x)*} is finite.

ASSUMPTION 4.2. (i) b — 0,kbSco + oo, and k1 — +00 as N — +o0;
(ii) ki /VEbS — 0; (iii) sup,{Rzk, (v)2}*N/VEkbS — 0 as N — +00; and
(vi) sup,{Rax(x)?} = 0 as N — +oo.

AssumpTION 4.3. (i) E {supgcp{g(z,B)*|x}} is bounded;
(ii) E{supsepigs(z,B)gs(z,8)'}} is finite;

(iii) max; { E{vZ|zi}} = Op(1); and

(vi) max; { E{vi;|zi}} = Op(1).

Assumption 4.1 is the same as Assumptions A.5(a,b), A.7 and A.8 of
Hong and White (1996). This assumption is sufficient for the central limit
result:

(Zul o xl> Zw] (Zuwl/a wl>—k JV2k
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is asymptotically standard normal (Hong and White (1996), Proposition
2.3). Assumption 4.2 imposes conditions on the series estimator of the
variance function. Part (i) requires an infinite series be used to approximate
the variance function. Part (ii) requires the dimension of w; grow at a
much slower rate than the dimension of w while part (iii) requires the
approximation error shrink to zero rapidly. Assumption 4.3 is a stochastic
dominance condition. It is needed to show that the estimated variance
function has no effects on the asymptotic distribution of #. Under all these
conditions, we have:

THEOREM 4.1. Under Assumptions 2.1 - 2.4, 2.6 - 2.7, 8.1 - 3.4, and
4.1 - 4.2, the statistic (¥ — k)/V2k: (i) is asymptotically standard normal
under (1); and (ii) converges to +0o in probability if (1) does not hold.

The test statistic 7, though cannot be obtained directly from regression
output, is computable from LS regressions output via auxiliary LS regres-
sions. For instance, the following steps can be followed to obtain 7:

Step 1. obtain B with any sensible estimation methods;

Step 2. regress g(z;, 3)? on wy;, retrieve the fitted values & (z;)?;

Step 3. regress g(zi, B)sy(6(2;)2) on w;, retrieve the fitted values

E{g(z,B)sy(5(x)?)|z;}. The sum of squared fitted values is 7.

5. CONCLUSION

This paper presents three testing procedures for testing the specifica-
tions of nonlinear regression models. The first two procedures are for
testing nonnested hypotheses while the third one is a consistent test for
a parametric model. All procedures are easy to compute. A common limi-
tation of these procedures is that they all require the null specification be
parametric and the alternative specification be either parametric or com-
pletely nonparametric. Recent developments in the literature have been
in semiparametric and nonparametric models. Thus, an extension of the
proposed tests to the semiparametric or nonparametric null against the
semiparametric or nonparametric alternative would be desirable.

APPENDIX A
Some useful results
In this appendix, we derive some results that will be used to prove Theo-
rems 2 and 3. These results are similar to those of Ai and McFadden (1997,
Lemma A.1). Recall that w = (a1(x), -+ ,ar(z))’. For a known function
o(z), let p(z) = w'y + Ri(x), where w'y is the series approximation of
o(z) and Ry(x) is the approximation error. Let v; denote sample realiza-
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tions of v. Suppose that E{v;|z;} = 0. Let ¢(z) denote a known function.
Let ¢(z;), E{¢(2)|z;} and E{v|z;} denote the fitted values of regressing
(i), #(zi), and v; respectively on w;.

LEMMA A.1. Suppose that (z;,x;,v;) fori =1,2,--- N arei.i.d.. Then:

N
() Z(@(wi) —¢(2:))* = O(N *sup{Ri(2)’});

TEX

N
(ii) if max;<y E{v?|z;} = 0,(1), Y E{v|a;}* = Op(k);
i=1

(ii) With sup,c, {Ry(z)*} = 0 as N — +00,
N N
N7V (@) Blvlai} = N7V2 Y p(wi)vi + 0,(1);
i=1 i=1

(iv) suppose that k/v/N — 0 and VN * sup, e, {(Ri(2))?} = 0 as
N — +o00. We obtain:

N N
N-1/2 Z @(Zz)E{V|1'z} - N~1/2 Z E{o(2)|zi}v; + 0p(1);

i=1 i=1

Proof. Define W = (w1, ws,---,wy) and P = W(W'W)™'W'. Let

N
P;; denote the (¢,7)-th element of P. Then Z'Pii = k. Part (i) follows

from: =
N N
Z(@(wi) —p(x))? = ZRk(fi)2 <N« igg{Rk(l‘)Q}-

Part (ii) follows from:

E {mgx E{Vl2|a:l}} k.

IN
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To prove part (iii), write

N

1/2Z<p VE{v|z} = N2 (@a)vs
i=1
N
1/22 p(xi))vi + N2 o(ai)v;.
=1
Note that
N
E {[N1/2 > (@) — o))l } { ! Z 2}*maxE{Vz |zi},
=1

which converges to zero by part (i) if sup, ¢, {Ri(2)*} = 0 as N — +o0.
To prove part (iv), write

N

1/22¢ VE{vlzi} = N7V (d(z:) = E{d(2)lai}) E{v|a:}

i=1

N
+ N2 Z E{¢(2)|z:} E{v]e;}.

Note that ¢(z) = E{¢(z)|z}+v and E{v|z} = 0. With ¢(z) = E{¢(2)|z},
applying part (i) and (ii) gives

o Z — B{o(:)le:})? = Op(ma{k, N sup{ Ru(e)* 1/ VAV,

which converges to zero if k/vV/N = 0 and vVN*sup, ¢, {Re(z)?} = 0.
Write

N N
NS Bl ek Bivlai} = N2 3 (B{g(=)]w:} = B{o(2)li})v

i=1
N
+ N_1/2 Z E{¢(Z)|.’El}llz
i=1

N
Applying part (i) to p(x) = E{p(z)|z} proves N~1/2 3 (E{¢(2)|zi} ~

B{o(2)|wi})vi = 0p(1). | )
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Parts (i) and (ii) can be used to determine a convergence rate of any
series estimator, while parts (iii) and (iv) can be used to determine the
asymptotic distribution of a series estimator. The difference between (iii)
and (iv) is that in (iii) ? and x are conditional mean independent but in
(iv) z and v may be correlated.

APPENDIX B
Omitted proofs
To prove Theorem 2.1, we first prove some useful lemmas.

LEmMA B.1. Suppose that Assumptions 2.1 - 2./ and 2.7 are satisfied.
Then we can show:

(i) VN( =T*) = 0,(1);

(i) VN7 =77) = 0p(1);

(iii) VN (O —6%) = 0,(1).

N N -1
Proof. Recall that ' = N—! Z 95(zi, Byw! (N_1 Z wiw;> . By As-
i=1 i=1

N
sumption 2.2 and the weak law of large numbers, we obtain N ! Z wiw; =

i=1
E{ww'} + 0,(1). By Assumption 2.7 and a mean value expansion, we ob-
tain:

N N N
N71 Zgﬁ(zla )’U}; = N71 Zgﬁ(zlaﬁ*)w;+N71 Zgﬁﬁ(’zlaﬁ)(ﬁ_ﬁ*)wia
i=1 i=1 i=1

where ggg(.) denotes the second derivatives with respect to 5 and where B
lies between /3’ and #*. By the Lindeberg-Levy central limit theorem, the
first summation on the right-hand side converges to E{gs(z, 8*)w'} at rate
V/N. By Assumption 2.1, we have: v N(3—3*) = O,(1) and VN (B—5*) =
Op(1). Let §; denote the j-th component of 3. By Assumption 2.3, we
obtain:

N

Nt Z 938, (ziB)w; = E{gap, (zi, B)w' }+op(1) uniformly over  for everyj.
i=1
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N

This implies that N ! Zgggj (zi, B)ywi = E{gpg, (2, B)w'} +0,(1). Hence,
i=1

the second summation converges to zero at rate v/ N. This proves part (i).

Parts (i) and (iii) can be proved using similar arguments. |

LEMMA B. 2 Under Assumptions 2.1 - 2.5 and 2.7, we obtain:

(i) N~- 12 — (Tw;)'8)? = E{(w'y* — w'T*6*)2} + 0,(1).

Moreover, zf model( ") holds, we have:

N N
(i) N3 (wli=(Pw) B)g(z0,B) = N2 3wl (0w )it

op(1).

Proof. Part (i) follows immediately from 4,T", and 6 being VN con-
sistent. To show (ii), Taylor expansion around /8 to the second order and
noting that u; = g(z;, 8*), we obtain:

N N
NN (Wi — (Pwi) B)us = N2 (wliy — (Fwi)'0)g(zi, B)
i=1 =1
+ N7 Z — (Pwi)'0)g5(zi, B)' (B = 87) (B.1)
A N ~ A, A
+ (B =B )N " (wiy — (Tw;)'0)gss(2i,)(B - B7)/2,
i=1

where f is between 3 and *. Since I is the OLS estimator of 95(zi, 3) on

w; and @ is the OLS estimator of w! 4 on sz,gg(zz, B) — I'w; is orthogonal
to w; while wA — (sz) 0 is orthogonal to ['w;. Thus the second summation
on the right-hand side of (B.1) is zero. The third summation converges to
zero in probability because 3 converges to #* at rate vN. Hence, (B.1)
implies

N N
N2 (il — (Fwi) B)g (i, B) = N7 3wl — (Fwy) )u; + 0p(1).
=1 i=1

(B.2)
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Further, since 4,T" and 6 are v/N consistent and E{wu} = 0 by model (1),
we obtain:

N N

N2 3 (Wi (P O = N2 3wl = (Pw) 6% )us+0p(1). (B.3)

i=1 i=1

Combining (B.1) - (B.3) proves part (ii). |

LEMMA B.3. Under Assumptions 2.1 - 2.7 and model (1), we obtain:

N7UY (wid = (Dw)'0)%a; = B{(w'y" — (Dw)'6%)*uf} + 0, (1).

Proof. Recall that

~ N A A~ - N A A ~
0= {Z(wﬁ - (Fwi)'9)2} > (wiF = (Twi)'0)g(z3, B).

i=1 =1

By Lemma B.1 and equation (B.2), ) converges to the true value at rate
V/N. Using similar arguments, we also can show that the 2SLS estimator
for Ao converges to the true value at rate \{N . This implies that the
estimated residuals 4; = g(z, 8) — ga(z, )'\ —0(h(z, &) — g(z, B)) converge
to u; at rate \/_ These convergence results imply that we can safely
replace I, 4 3, 0 Q B 6 and \ by their respective limits. Hence,

N

-1 Z — (Pw;)'0)%42 = N1 Z(w;fy* — (T*w;)'0*)?u? + o, (1).

i=1

Invoking the weak law of large numbers proves the lemma. |

Proof of Theorem 2.1

Proof of part (i) Note that E{uw} = 0 under (1'). Applying Lemma B.1
and Lemma B. 2 proves that VN§ is asymptotically normal with mean Z€ero
and variance 3. By Lemma B.2 and Lemma B.3, the estimator 63 defined
in (6) is consistent for o2. Hence # is asymptotically standard normal.

Proof of part (i) Unless stated otherwise, the derivations below are
obtained under E{we} = 0, where € = h(z,a*). Under (2'), Lemma B.1
and part (i) of Lemma B.2 still hold. Let 4; denote the OLS estimator
obtained by regressing g(z;, B) on w; and let 6; denote the OLS estimator
obtained by regressing w}4y on Tw;. Then, because h(z;, &) converges to ;
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in probability and because E{w;e;} = 0 by model (2'), we obtain ¥ —4; =
op(1) and 6 — 61 = 0p(1). This implies

N N
NUY (wiy = (Pwi)'0)g(zi, 8) = N1~ (wids — (Twi)'01)g(2i, B) +0p(1).
i=1 i=1

(B.4)
Because g(z;, B) —w}4; is orthogonal to w; and wi4y; — (f‘wi)’él is orthogonal
to 'w;, we obtain:

N N
NES (wis = (Twi)01)g(zi, B) = N1~ (wiyn — (Dw;)'61)% > 0. (B.5)
i=1 =1

By Assumption 2.5, 41 — '8, does not converge to zero in probability. Part
(ii) now follows immediately from part (i) of Lemma B.2 and equations
(B4) - (B.5). 1|

To prove Theorem 3.1, we need to show several lemmas similar to Lem-
mas B.1 - B.3.

LEMMA B.4. Under Assumptions 2.1 - 2.4, 2.7, and 3.1 - 3.4, we can
show that VN (0 — 6%) = 0,(1).

Proof. Let 4 and T denote the OLS estimators obtained by regressing
h(z;i,a*) — g(z;, 8*) and gp(z;, B*) on w; respectively. Note that the con-
ditions of Lemma A.l are satisfied by Assumptions 3.2 - 3.4 for ¢(z) =
h(z,a*)—g(z, 5*) and ¢(z) = ga(z, 5*) respectively. Applying Lemma A.1
gives

N

N7V SO (Wl - B{h(z,07) - (2 87)]a})’ = 0,(1); (B.6)

i=1

N Z(fwi — E{gs(z,8")|z})(Cw; — E{gs(z,87)|z})" = 0,(1). (B.7)

Note that the difference between (§,T) and (5,T) is that the former use
& and B while the latter use o* and #*. Since & and B are v/ N consistent,
when 5 and T in (B.6) and (B.7) are replaced by 4 and T respectively, the
op(1) on the right-hand side must be replaced by O,(1):

N

N7V SO (Wi - B{h(z,a%) - (2 87)|ai})” = 0p(1); (B.3)

i=1

NYEY (Twi — B{gs (=, 8°)ei}) (Twi — B{gs(z,8")[z:}) = 0,(1).(B.9)

i=1
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Write

N

N7 Y (wiA)Pus = N7V 3T B{h(z00) = g(2, 8}« Blgs (2, 8)ai)

i=1

NN (Wi = B{h(z,a") = g(z,8") i )T — B{gs(z,87)|zi})

i=1

+ N2 (wid - B{h(z,a") = g(=z,8")|zi}) * B{gs(z, 87w}

i=1

+ NV2Y (B{h(z,0) = g(z,87)|xi}) (Fwi — B{gs(z,87)|zi}).

i=1

The first summation on the right-hand side is O,(1) by (B.8) and (B.9).
The second summation writes:

N

N2 Z(WH — E{h(z,a") — g(2,5%)|2:})" E{gs(z, B7)|wi}
= 1/22 ) * E{gs(z, B7)|xi}
N
+ N7V Z(wﬁ — E{h(z,a") — g(2, 8%)|zi})" E{gs(z, 67)|z:}.

N N
N=V2 N (wiy = )« E{ga(z, B5)ai} = N2 Y 0 B{gs(z, 8°) i}

i=1 i=1

which is O, (1) because 7; — 0 at rate VN and E{gs(z, 8*)|z;} = E{gs(z, 5*)|z:}
in probability.

N2 Z — E{h(z,07) = g(z,87)|xi})" E{gs(z, 67) i} = Op(1)

by part (iii) of Lemma A.1 and v/Nxsup,, |Ri1(z)| = O(1). This proves that
the second summation is O,(1). Similarly, the third summation is O,(1).

This completes the proof of the lemma. |

LEMMA B.5. Under Assumptions 2.1 - 2.4, 2.6 - 2.7, and 3.1 - 3.4, we
can show that:
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() NS (= (Bun) )2 = E{(E(h(z,0%)=g(z. 8}~ E{gs =, 8} 07+

i=1
Op(1).
Moreover, if model (1) holds, we have:
N

(i) N‘1/2Z( —(Twi)'0)g(z:, B) = N~* Y [B{h(z,0")~g(z, 87|} 0" ui+

i=1 i=1
op(1).

Proof.  Part (i) follows immediately from Lemma B.4 and equations
(B.8) - (B.9). To show part (ii), we write:

N

NT2Y (Wi = (Pwi)')g (=i, 5)

i=1

N
= N2 Z[E{h(zy a”) —g(z,8)|wi} — (E{gs(z, B7)|zi}) 0" u;

N
£ NI (B{A(z,07) = gz )i} = (B{gs (.87 ai))' (6 = 6l
N

# NSy~ Bz, 0%) = gle, ) i) = (P = Elg (e} Bl

" 1/22 (w5 — E{h(z,a) — g(z, 87|}
- (sz'—E{SJB(ZaB i})'0](9(zi, B) — ui)
N
+ N2 Z[E{h(z, o) = gz, 8%)ei} — (B{gs(z, 6°)|z:})'0(9(2i, ) — ui)
= Al 4+ A2 + A3+ A4 + A5.
A2 = 0,(1) because VN ( — %) = 0,(1) and E{u;z;} = 0 by model

(1). A4 = op(1) because B is VN consistent and (B.8) and (B.9) hold. A
mean-value expansion gives:

N

A5 = N7V N B{h(z,0")~g(z, 8%)|ai} — (B{gs(z, 87) i} Olgs (21, ) (3-67)

i=1
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where ¢ is between /3 and 8*. Since (E{h(z,a*)—g(z, 8*)|z:}—E{gs(z, 8*)|x;:}'0)
is the LS projection residual,

N

N=' Y (B{h(z,0") = g(z, 87w} — B{gs(z, 8*)|2i}'67)gs(2i, B%) = 0,(1).

i=1

Thus, A5 = 0,(1) since § and ¢ are v/N consistent.
It remains to show A3 = o0,(1). Let E{u|z;} denote the OLS fitted
values of regressing u; on w;. Applying part (ii) of Lemma A.1 to v = u

N
and noting that k/v/N — 0, we obtain N~'/2 ZE{up:l}z = 0p(1). Since

i=1
u; — E{u|z;} is orthogonal to w;, we obtain:

N N
N2 wid)u; = N7V 37 (wid) Blule;)
=1

. =1
= NTV2 Yl - B{h(za") - g(z 8] Blulai)

N
+ NN IE{h(z,07) - g(z, 8w} E{ulas}.

i=1
The first summation on the right-hand side is 0,(1) by equation (B.8)

N
and N’1/2ZE{u|mi}2 = 0,(1). Applying part (iii) of Lemma A.1 to
i=1
o(z) = E{h(z,a*) — g(z,*)|z} and v = u, the second summation on the
right-hand side writes:

N
N-1/2 Z(E{h(z,a*) = g(z,8%)|wi})t;

N

= N2y (E{h(z,a%) = g(z, 8% |zi})ui + 0p(1).

i=1
This proves that
N

N2 (i — B{h(z,a%) — g(z, 8)|e:})us = 0p(1).

i=1
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N
Similarly, we can show that N~1/2 Z(f‘w, — E{gs(z, B%)|zi})u; = o0,(1).
i=1
Combining these results prove A3 = o(1) and hence part (ii).

LEMMA B.6. Under Assumptions 2.1 - 2.4, 2.6 - 2.7, and 3.1 - 3.4 and
model (1), we can show that:

N

N7y (Wi = (Cw)'0)*a} = E{(E{h(z,a") - g(z, 67|z}

— E{ga(z,B7)|e}'0")*ui} + op(1).

Proof. It follows from equation (B.8) and (B.9) and ; converges to u; at

rate vV N. |

Proof of Theorem 3.1 By Assumption 2.2 and the Lindeberg-Levy
central limit theorem, applying Lemma B.4 shows that v/ N9 is asymptot-
ically normal with mean zero and variance

E{(E{h(z,0") — g(z, 8|z} — (E{gs(z, B7)|a})'0") u"}.

By Lemma B.5, 67 defined in equation (6) is consistent for o2. Hence, part
(i) holds.

To prove part (ii), let 41 denote the OLS estimator obtained from regress-
ing g(zi, B) on wj, 42 denote the OLS estimator obtained from regressing
h(zi, &) on wj, and él denote the OLS estimator obtained from regressing
wiy on I'w;. Then, 4 = 42 — 1. Applying Lemma A.1 and noting that &
and B are VN consistent, we can show

N

NTV2Y (widn = E{g(z, 8%)|2:})* = Op(1);

i=1

“22 (e — E{h(z,0%)|z:})? = 0,(1).

Moreover, we can show 6; is /N consistent. Because E{h(z,a*)|z} =0
under (2), we have v/N(#,0) = 0,(1) and

N N

N7UY (wid— (Cwi)')g(zi, 8) = N7~ (widn — (Pwy)'61)g (2,

i=1 i=1

=2

)+0p(1).
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Because g(z;, B) —w}4; is orthogonal to w; and wi4y; — (f‘wi)’él is orthogonal
to I'yw;, we have

N N
N7ES (Wi — (Pw)'01)g(zi, 8) = N7' D (win — (Pw;)'61)* > 0.

i=1 i=1

Part (ii) now follows immediately. |

Proof of Theorem 4.1
Proof of part (i) Let E{g(z,3*)sy(c(x)?|z} denote the fitted values from
regressing g(2;, 8%)sy(o(;)?) on w;. Then, we can write

N
o= Z[E{g(z,B)Sb(&(w)Q)lwi}

1

-
Il

A

[E{g(2, 8)sp(0(2)?)]2:}]>

I
M=

-
I
-

(2, 87)s(0(2))|2: 1 E{g (2, B)ss (0 (2)*) i}

+
[\
(=
IRSs
—
=N
VN
E>
Vo)
o
>
O
B
—
|

&
—~—
=}

1

+ S IB{g An(@@a} - E{g(z 8)si(o (@)l
= El + B2 + B3.

2 .
Il

First, we show that B3/v2k = o0,(1). Recall that P;; is the (i,7)-th
element of P = W(W'W)W'. Write

N N

B3 = Z Z[Q(Zi:B)Sb(&(mi)2)_g(zi:B*)Sb(g(mi)2)]*Pi§ [9(z;, )Sb(U(l”j)z)]-
i=1 j=1

Taylor expansion around the true values * and o(z;) yields:

N N
B3 = 3313 - ) ga(ei, B (@) + 9l D)o} (7(ai)” — (e

« Py x (B~ B) 95(25,B)s0(0(25)°) + 925, B) sy, @ (25)° = o(27)°)],
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where ”-” denotes the mean value between the estimators and the true
values. To show B3/v/2k = 0,(1), it suffices to show:

N N . _
B3l = ZZ(B—B)’gg(zi,B)Sb(E(xi)z)*Pij
X (3 B) 9525, B)sy(@(x;)*) /V2k = 0,(1)
B32 = Zzg 24, B)sh (@(2:)”)(6(2:)* — o(2:)?)
x Py # g(zj, B)sh(@(x;)?)(6(x5) = o(x;)*)/V2k
= 0p(1)
Note that
N A J—
B3l < 3 (8 = ) gs(zi, B)s (@ (i) / V2R

N
VN@B =B« N> gs(2i, B)VN(B — B)/V2kbS = 0,(1)

i=1

IN

because VN (3—f) = Op(1) by Assumption 2.1, N~ "N g5(z, B)gs(zi, B) =
O, (1) by Assumption 4.3, and kb5 — +o00 by Assumption 4.2.

Define v(z) = supgep{g(z,4)*}. From the construction of s;(u), we
obtain:

N
B32 < Z )2 — o (x:)?)?/V2kbS.

Let Py;; denote the (i, j)-th element of P, = Wy (W{W;)~'W;, where W; =
(wir,- - ,win)'. Let vg; = [g(2,%)* — E{g(2, *)*|z}]. Taylor expansion
around (3* gives:

N N
ZU(ZJ(@'(J@V -0 wl Z Zz ZPM]Viiy B B* ) Z (Zij)Plij

i=1 =

N
Z lz]RSkl mg R3k1 (ml))2
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Note that

{ZZE{U |ml} 1zJE{V3]|xJ}} (kl)

i=1 j=1

because E{v(z)|x;} and E{v3;|z;} are bounded by Assumption 4.3. Let

EA{gB(z,B)h:,} denote the fitted values from regressing gs(zi, 3) on wy;.
Then,

N N
> oz ((B - Z (2, B8) Prij)?

= VN(5 Z v(z:) * E{gs(z, B)lai} * E{gs(z, B)|a:i) VN(B — )
= 0,(1) )

because VN (3 — *) = O,(1) by Assumption 2.1 and N~ Ei\; v(z;) *
E{gs(z,B)|z;} = O,(1) by applying Lemma A.1. Also, note that

N N 2 N
Z v(z;) (Z Prij Ry, (z7) — Rag, (wi)) < Z v(2:) Rag, (z:)?

< N sup{Rst, (@)%} % Op(1).

Combing these results proves B32 = 0,(1) because Nxsup, { Rz, (v)?}/V2kb® —
0 and k;/v2kb® — 0 by Assumption 4.2. This completes the proof of
B3/V2k = 0,(1).

Applying Proposition 2.3 of Hong and White (1996), (B1 — k)//2k is
asymptotically standard normal. Part (i) now follows from |B2|/v2k <

V2\/B1/kv/B3 and B3 = 0,(1).
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Proof of part (ii) Note that model (1) is not used in the most part of
the proof of part (i). Thus, we have:

N
#VE = Z[E{g(z,B*)sb(a(ﬂf)z’)lxi}]z’/\/%+0p(1)

= Y [B{g(z,87)/o(@)i}*/VE + 0p(1),

i=1

2

because o () is bounded away from zero by Assumption 2.6 and b — 0. Ap-
plying parts (i) and (ii) of Lemma A.1 to p(z) = E{g(z, *)/o(x)|z;} and
v = va; = g(2i, 8%)[o(zi) — E{g(2, 8*)/o(z)|zi}, and Rix(z) = Rar(z) =
E{g(z,8%)/o(x)|z} — w'vy4, we obtain:

N
Y [E{g(z, 87)o(2)|2:}]* = Op(max{k, N * sup Rux(2)*})-

i=1

N
Hence, N1 Z[E{g(z, B*)/o(z)|z;}]* = 0since k/N — 0 and sup, Rz (z)?
i=1

0. Part (ii) now follows from N/vk — 400 |
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