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A sampling plan that may find applications in economics, biomedical re-
search, reliability and life testing consists of putting kn units on test in groups
of k each and observing the minimum value of each group. Thus, the obser-
vations are sampled minima and they are to be used to do inference about
the original distribution. In this investigation, we present properties of the
empirical distribution and sample moments and show how these estimates can
be used to do goodness of fit testing about the underlying distribution. © 2002
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1. INTRODUCTION

In some economic, medical and reliability studies, a sampling plan that
may be used is described as follows: Put on test a set of kn units in groups of
k each. Observe only the minimum value of each group. Thus the sampled
data are minima of random variables. Let Xq1,..., X1x,..., Xo1,..., Xok,

oy Xn1, ..., Xnk be a set of nk independent identically distributed (iid)
random variables (rv) from a distribution F. We only observe, however,
Z;i,i=1,...,n, where Z; = Z;, = 1I<Ilji£1k{Xij}. Thus the distribution of

ZiisG(x) =1—(1—F(z))*. Set F=1—-F and G = 1 — G. Based on
Zi,. .., Zn we would like to do (nonparametric) inference about F.

Note that when the data are lives, if we define the “hazard rate” of X
by hp(z) and that of Z by hg(x), then these are related as follows:
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he(x) = khp(z), >0 (1)

where hp(x) = f(z)/F(z), F(z) > 0 and hg is defined similarly. Thus
hazard analysis of F' can be done easily from the Z;’s.

In this investigation we discuss some points pertaining to the inference
(estimation and hypothesis testing) about F' using the data on G, Zy, ..., Z,.
If one would like to estimate F'(x) one notices

1/k

F(z) =1- (G(x)) (2)

Thus the empirical estimation of F is given by

Fu(z) =1 — (Gu(2))"", (3)

_ 1 <&
where G,,(2) =1 — Gn(x) and G (z) = — ZI(Zi < ). Basic properties
n
i=1
of F,, such as consistency and asymptotic normality can easily be obtained
from similar properties of G,,. We add to this by obtaining a representation
of the mean square error of F;,. Next, the r-th moment of X, 1, = EX? =
[ 27dF(x) has the representation

[y = % [ O:o 2 (G)) "V aG (). (4)

We can estimate p, by:

1 [ — —(k—1)/k i ——(k—1)/k
oo =5 [ 77 Gula)) T dGw) = (k)3 216, (2,

o i=1
(5)
The bias and mean square error of u, , will be discussed. Note also that
the asymptotic behavior of y, , can be studied from the L-Statistics form:

SNV n
[y, = ( 1) (kn)™' " Zal(n—i+1/n)]"*0F 0 (5%)

n X
i=1

where Z(;), ..., Z) are the order statistics corresponding to Z1, ..., Zn.
Another important problem pertaining to F' is to test the null hypothesis
Hy : F = Fy, Fy is completely known or known up to a set of parameters
against the alternative Hy : F' # Fy. In direct sampling (complete) case,
the Cramer-vonMises statistic based on the Lo-norm between F and Fy is
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highly popular and useful. In our situation, however, we shall propose the
following norm:

oo _ 2
s = [ [F@)-Fo@)] )ik, (6)

where 1 is a known function defined on [0, 1]. If we were to plug in F,,(z) as
our estimate of F in (6), then clearly \/nA, x = 0,(1) and the asymptotic
null distribution of nA,,  is not easily obtainable as in the case for direct
sampling (cf. Schorak and Wellner (1986) and D’Agostino and Stephens
(1986) for details). Hence we utilize ideas developed in Ahmad (1993) to
provide an alternative estimate Ank(fy) (depending on a known constant
0 < v < 1) which is asymptotically normal both under Hy (where it is
also distribution-free) and under H; (thus we can also evaluate the power
of the test with little efforts). More recently, however, interest in the L,-
norma for general p > 2, became subject of investigation and extending
the Cramer-von Mises statistics to their case was studied (cf. Csorgo and
Horvath (1993) and references therein). Thus the Ly-version of (6) is given

by,

oo
Akp) = [ [F@) - Fi)] vir@)dm@, p22. @)
— 00

We shall indicate how our test procedure can be extended to this case where
p is taken to be any integer larger than 2.

In the remainder of this investigation, all integrals not carrying limits
are to be taken over the entire real line. All proofs of results discussed here
are given in the appendix when warranted.

2. ESTIMATION OF F

Let Zi,...,Z, be a random sample from a df G(.) and we want to es-
timate the df F(z) related to G by the relation F = (é(m))l/k for all

_ _ 1 <&
x € (—o0,00), where F=1—F (G=1-G). Let G, = *ZI(Zi <)
n
i=1
denote the empirical df of G. We estimate F(z) by:

1/k

Fo(2) = 1— (Ga(a)) ®)

Using Part (1) of Rao (1973) p.385 we easily see that F,(z) is asymptoti-
—k
1 1-F
cally normal with mean F(x) and variance 1 1-F@

—— (provided that
nk? 7 Z(m)
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F(z) > 0). Consistencies (Weak or Strong, pointwise or uniform) are easily
obtainable from the inequality:

|[Fa(2) = F(z)] = [Fu(z) - F| =

ko . -1
Foe) - F'(@)| {Z FL@)F’“"@)}
i=1

= [Gu(a) - Gl)| ici/’%x)d’“‘”/’“(x)}_

=1
k1 |G (z) — G(z)| / (G(z) +€), for sufficiently large n
(k)™ |Gn(2) — G(2)] - (9)

——

<
<
The next theorem gives the bias and the mean square error of F,(z). The
proof is given in the Appendix.
THEOREM 1. Up to the second order in n, we have

(b-1)1-F@) - nE-2k-3 (- F @)

Bias(Fp,(z)) ~ — — —
Ink2 Fk l(x) 8n2k4 F2k 1(:5)

and

_ 2
Py L 1-F'x)  (k—1)(k—2)(2k+1) (1—Fk(x>)
meelFn(z)) = nk? F () - 4n?k? ()

(11)
The choice of k can be made to minimize the mean square error (11). In
order to do that we propose the following global measure:

—=2k—2

Op = /E(Fn(a:) — F(x))?F “(z)dF(z). (12)
Thus it is easy to see that up to the second order,

1 | (k—1)(k—2)
6_n{k(k+1)(2k+1)_ k2 (k+ 1) } (13)

Another estimate of F(z) that has received attention recently is the so-
called “Kernel estimate”; cf. Azzalini (1981) or Lejeune and Sarda (1992).
Let K be a known distribution function and {a,} be a sequence of positive
reals such that (we shall write a for a, henceforth). The Kernel estimate



INFERENCE ON SAMPLED MINIMA 457

of G(x) is defined by:

() = ii[( (T) . (14)

Hence, we estimate F'(z) by:

1

Fo(z)=1— (Gn(x)f . (15)

To compare F,(z) with F,(z) one need a result as the following theorem.

THEOREM 2. If F' is twice differentiable, then up to the first order in n,

Bias (Fn(x)) o~ ;LkU;% (f,(l’) - f2($)/F($))’ (16)
and
) o AmF @ e @)
(F"( )) Cnk2F () nkgs(k)ﬁ“‘l(z)
/ nl 2 2
R 010l V) WS
k2F" (x)

where R(k) = [ k*(u)du and S(k) = [ uk(u)K (u)du.

In order to find the optimal bandwidth a, one needs a global criterion
for minimizing the mse (F n(x)) So, we suggest using

O k(a) = E/mse (Fn(x)) Fk(x)dF(x) (18)
Hence using (18) and integrating we get that
1 4
(@) = 5oy~ SOV + V), (19)

where Vi(f) = [ (f'(2)F(x) — (k= 1)f*(z))” dF (z) and

U(f) = ffz (x)f(z)dF(x), assumed finite. Therefore the value of a that
minimizes (19) is equal to:

NEOUGRE
win={petti(7 ) 0)
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As is clear from (20), the optimal choice of a depends on the unknown
functions f or F' or both. Thus one is in need of a mechanism to provide
data dependent choices of a. This we will do elsewhere. Note here that
while the order of ag , is the same as in direct sampling (of size kn), its
constants are different, hence data dependent choices of a will differ as well.
The related and interesting problem of estimating the density function f(x)
will be dealt with in a different investigation.
Next, let us discuss estimating the moments of X, E(X"). Note that

—(k—1)/k

o = BE(XT) = /xrf(a:)dx - %/x @) de@).

Based on the sample 71, . .., Z, from G(z) = F (), we propose to estimate
por by
n—1\®D/k I _ (k—1)/k
= () {0z @z @)
i=1

Note that p,, can also be written as:

o 1\ (k=D n e
- - . -1
= (") {<nk> 'Y Zy/ (= i+ 1) } . 3)
1=

where Z(1y, ..., Z(,) denote the order statistics corresponding to Z1, ..., Z,.
Thus we easily see that ., is a generalized L-estimate (cf. Jureckova and
Sen (1996) for detailed discussion of this class of statistics) and hence its
limiting normality can be attested by known results on L-statistics. It is
also possible to obtain a representation of the bias and mean square error
of . directly. Thus we have,

THEOREM 3. Up to the second order

k- Dk=2) ,  (m), (24)

Bias(pirn) =~ 22 (n 1) 7

where A, = fmrfik(x) (1 _F (a:)) dF(x) assumed to exist and is finite.

0o BB D L (0 A ()

(kn_(;)_(iil;l) n(nl_ 1)Br,/~c(F)7 (25)

mse(jirn) =
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where 02 =V (X"), By = fxzrf_2 (x) (1 —F (2) )2 dF(z) and C, 1 (F)
=12 [ [ary" (F@)F(y) " [F(min(z,y) - F*@)F " (v)| aF (2)dF (y).

3. GOODNESS OF FIT TESTING ONE-SAMPLE CASE.

Here we want to test Hy : F' = Fj against Hy : F' # Fy, Fy is a known df .
Based on a sample Z1,...,Z, drawn for G(z) =1 — Fk(x) Since testing
F = Fj is equivalent to testing Fk(x) = G(x) is equal to F]S = Go(z), say,
one can base testing on the empirical Gy, (), the null Gp(z) and a functional
(distance) between them but that will not reflect the effort of the parameter
k. Thus we proposed the functional (6), which can be estimated by:

) = [Flr@uE@)ine

-2 chr)ﬁ’“() (Fo(e))dFo(a) + Cok),  (26)

where Cy(k) = ffgk(m)‘l'(Fo(x))dFo(x) is a known positive constant,

M) = % ;I min(Z;, Z;) > ), (27)
and
Jo ‘IZCW 1(Z; > z), (28)

1 n
with {C; » (7))}, a triangular array of constants such that — E Cin(y) —
n
i=1

1 and — Z — C?*(y) > 1 forall 0 < v < 1. A special choice of

these constants cf. Ahmad (1993) is to choose C; ,(v) = 1 —« for i odd
and C; () =1+ for i even. Now, we have the following theorem.

THEOREM 4. Asn — oo, \/n (An,y(k) - A(k)) converges in distribu-

tion to a normal distribution with 0 mean and variance O’,%W given in (A.24).
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Under Hy, A(k) = 0 and the null variance is
o = (C*(y) - 1) { / Fo(max(z, ) Fo () ¥ (Fo (x)) ¥ (Fo () )dFo(x)dFo(y)

UF 2))dFo(z )r} . (29)

In the important special case U(u) = 1 we get
o) = 4k(C*(7) = 1)/(2k + 1)°(3k +2). (30)

In the above special case of Cin(7y) we have C?(y) =1+ 2.

Next, in order to show how to extend the above procedure to the L,-case
where p > 2 is an integer, note that (7) can be written as follows:

Ay = Colk,~,T) — pélp(F FpY \11)
p
v TZ:;H)P (f)éw (FrFr ). ey

where Cy = Cy(k,p, ¥ fF Fy(z))dFy(x) is a known positive
constant and

k T k r
St = (F B ) = [ @F" ™ @)W(Fa(o))dFo(a),
r=1,...,p. Thus we propose to estimate A(k,p) by:
A . 2 k(p—1)
An,u(kap) - C(O 7p51,p < n'y?FO \II)
P
r P al w=k(p—T)
+ 2;(71) ( g > b (Fr Fo " 7w), (32)
where Ffw(x) is as given in (28) and for r = 2,...,p,

—kr 1
F(2)=—— > Iwin(Z,,....Z,)>z). (33)
( " > 1<iy <+ <ip<n
-

We now state the following theorem.
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THEOREM 5. As n — oo, \/H(Anﬁ(k;,p) — A(k:,p)) is asymptotically

normal with mean 0 and variance given in (A.24). Under Hy, the variance
is equal to

ol = {// Fy (max(z, ) Fo " (@) F " (y)
W (Fo(x)) ¥ (Fo(y))dFo(x)dFo(y)

- | Fr@nE@)R >]} (34)

In the special case W(u) = 1, the null variance reduces to:

ofone, = PPR(C2(7) = 1)/ (kp+ 1)(2kp — k +2) (35)

DY

Note that with p = 2, Theorem 5 yields Theorem 4. Thus it suffices to
prove Theorem 5. This we do in the Appendix.

APPENDIX

Proof of Theorem 1:
Recall that if W denotes the standard normal variate, then

e (S2))
~ G () {1 + 5 (fgf))) - (féf)))
¢ B2y fé(fﬁ))
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Then

2
Q‘\
&

)
k-1 /[ G(x) (k=1 (k—-2)(k-3) [ G(x) _
{1 2k2 <n@(m)) B 8k* (né 1:)) +0(n 3)}

_ F kL 1-F"(x)
- ){1 2k* ( nF" () )
k=Dk=2)k=3) (1-F'@\ .
- 8k ( nF" (z) ) o )}' 2

Now, (10) follows from (A.2) above.
Next, by similar argument we see that

EF(x) = Gg/k(:c)E{l—i—W( Glz) )E

F) o)

4k:4

Hence, (11) follows from (A.2) and (A.3) after simplification. ||
Proof of Theorem 2:
Using standard theory, cf. Wand and Jones (1995), we see that

2

@ @)0F — gD ) + oy(a)

w |GG ag(x)S(k)} + 0, ((Z)) . (A4

n n

Gol(z) ~ Glz) -

+
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6% (k—1)

Using the simple expansion (1 — 0)'/* ~ 1 — % — 72

=\ } a’g'(x) , a* g¥(x) ,
@) {1 550t - g i

k=1 4(g'(
oAk 4<G(x)
@ 9@ g } (A.5)

E—11 G(x)
- 2
Now, (16) follows from (A.5) when we put G(z) = Fk( ) and simplify

we get that

1

E (én(az)) *

1

+

2k? | nG(z) nG(z)

To evaluate the mse (Fn (x)) we use (1 —0)2/F ~1— 20 4 9252 Thus,
B (Cu() "
o @ 2@ 2 at (¢D(@)
~ (G(2)) {1 kGz) © 12 <é(x) ) £(4)

Hence

~2/k _ ~1/k e
= EG, (z)-2G""@)EG, (z)+G"*(2)

e || S 2 s + ot @] (4

1R

n

Note that (é(x))l/k = F(x) gives that g(z) = kf(z) (Fk_l(x)) , g (x) =

kf’(x)?kil(x) —k(k— l)fz(x)Fkﬁ(x). Plugging in these and simplifying
yields the result. ||

Proof of Theorem 3:

For ¢ =1,2,...,n denote by

Gin-1)(Zi) = (n—1)"" > I(Z; > Zy). (A.8)

Hence we see that

Go(Z:) = Gin1)(Zi), i=1,2,...,n. (A.9)
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Thus, by the central limit theorem of empirical df’s and conditioning on
Z;, we see that

Go(Zi) = <nn1>G(Zi){1+W((n—Gl()Zg(Zi)>%}’ (A.10)

where W is the standard normal variate. Hence conditioning on Z; we
have,

G ZZ))(k 1)/k

(nl)(k e i ()
(

(k—D(2k 1) a(z) e
+ 2%2 ((n—l)G(Zi))}+Op(n )s (A.11)

1 =1,2,...,n. Thus conditioning on Z; we get that

E{G, "2z}
1\ » (k—1)(2k — 1) G(Z:)
+ O(nis/z). (Alz)

Hence

(k—1)(2k — 1)

Ern: r
o = e 1)

/ o (G(2)) TV G(2)dG ().

Substituting for G(z) = 7 (x) yields the result.
Next, let us evaluate

n— 1\ k-1/k 2
E 2 —E Zn (k 1)/k )
e (") e

)(k—l)/k

Note that we can write [L%n = (L u%n. Thus,

n—1

. 1 2 n o -
Bt = (o) {ZEZE /(@220
=1

+ ZEZfo/(Gn(Zi)Gn(Zj))(]H)/k
i

1\2
<nk> Ui + L2en}, (A.13)
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Now, again conditioning on Z;,

Gu(20)) 2V
( - 1) 2(k— 1>/k (20 1)/k{1_ 2(kk— 1)W((nG(IZ)OC)¥Zi)é
L k= 3k—1) <(n _G1()Zé)( )>} (A.14)

Hence,
E{(én(zi))2(k71)/k |Zl}

which leads to the following:

_ 2(k—1)/k _ 2(k—1)/k
Il,r,n ~ (TL 1) nMS?) —+ (Ll)
n n

(k—1)Bk—-1) n
% k2 n—1

2 G(2)G T (2)dG () (A15)

Next, conditioning on Z; and Z;

[
A~
S
S
—

Therefore

(Gn(Z:)Gn (7))

n— 1)(k /k (é(Zi)@(Zj))(hl)/k

{1 k-l <G(min(Zi, %)

N (k—1;](€22k—1)w2 (G(min(Zi,ng) G(Zi)G(Zj)>}‘
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Hence
E{(Gul(Z:)Gu(Z:)) " 1*\2:, 2;}

2k—1)/k
_ (”; 1) (@1 (2a(z,)) " {1 p DRl

(G(min(Z ;) — G(Z)G(Z; ))} (A.16)
(n—1)G (2)G(Z;)

which leads to the following:

2(k—1)/k

-1

Ly >~ (n > n(n —1u?
n

(k—1)(2k — 1) [n—1)\ 2H-1/k
- ( - )

= (3k—1)/k
n—l //azy (G(z)G(y))~

[G(min(z,y)) — G(x)G(y)] dG(2)dG(y). (A.17)

—+

n(n

X

X

Using (A.15) and (A.17) into (A.13) we get that:

) n—1\2kD/k g E—1)(3k—1

' n nk2"" k*n(n—1)
n=1) 5, (k—=1(2k-1) (1
— F);. Al
+ 'I’lk2 :u”r‘ + 2]{34 n C”Vk( ) ( 8)

Using (24) and (A.18) in the definitions of mse(u, ) yields the desired
result. |

Proof of Theorem 5.

Note that

Sipy = b1 (FM,FO(P D \11)

=f200n /Z Fo™ (@)W (Fo ) dFo ()

:720”, Vi p.io (Zi), (A.19)
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O (n> / (Fo()) ™" W(Fy(x))dFo(x)
r l<11< <ip<n n’lln(Z,Ll AAAAA Zh

-1
n
= ( r ) Z ‘pkayFo(Z’h yeey Zir)7 (AQO)

1<i1 < <ipr<n

Set
1
Chorps(21) = Elprrpry (21, 20)|21] (A:21)
Thus by standard theory of U-statistics we easily see that
TS0
. 1 .,
Okrp = - Z; ‘Pk,np(Zi) +op (n 2) L, T=2,...,p. (A.22)

Set for r =2,...,p,
T,rp = Okyrp — Okeyrp @0 Ty = Ok 1,y — Ok,

We get that

(B0 (k,p) = Alh,p))
= —Thup+ Zp: < )Tkm,+o,,( ) (A

Hence /n (Anﬁ(k,p) - A(k,p)) is asymptotically normal with mean 0

and variance

P
o’ (k,p) = nVar{Ty.p} +n Z ( f ) Var{Tirp}

_ Qni(—l) <i)> cov <Tk,l,p,Tk,np>
_ 22 Z T+S ( ) <IS)) cov (Tkm’I,,,Tk’s’p) . (A24)

T#S

But as n — oo,
nVar (Tiiy) — P*C*() { /f mine, ) FE ) (@) FE0 D )
X W(Fy(x))¥(Fo(y))dFo(z)dFo(y)

- [/F @) F? ) (z )\I’(Fo(w))dFo(w)r}- (A.25)
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Also, forr =2,...,p, as n — o0,

nVar (Tkp) = 7"2{ / / F* (min(z, y)) " 2 (@) F* V()
x Fo "™ (@)™ (y) W (Fo () (Fo (y))dFo(x)dFo )
- | [P R )\If(Fou))dFo(x)r}, (4.26)
while we also have as n — oo,

nCov (Tk,l,;u Tk,r,p)

- p{// F* (min(z, y))F" " (@) F " @) Fe " )
X U(Fo(z))¥(Fo(y))dFo(z)dFo(y)

- | [PES @R )

x U F @) Fe? V(a )W(Fo(x))dFo(a;)”, (A.27)
and finally for r # s, as n — oo,
nCov (T Tt
o [ minGe ) O @R ) )
X W(Fo(x))V(Fo(y))dFo(x)dFo(y)

[/F Fo P W(Fy(2))dFo (x )}
[ / P () Fe® )xp(Fo(x))dFo(z)”. (A.28)

Collecting terms and substituting into (A.24) one gets the asymptotic

variable. Under Hy, all terms in { } are equal and the total number of
terms is equal to:

202 - 2 S 1\ p—1
= ) -+t S <r_1)}
— PHCH) - 1), (4.29)

When ¥(u) = 1, direct integration gives the result. |
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